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ABSTRACT 
In cases where a structure's excitation cannot be altered, the sound radiation from the 
structure must be minimized by modifying the structure within given design constraints. This 
dissertation considers minimizing sound radiated by an existing structure with minimal 
changes to the structure itself. To accomplish this the sound power radiated by a structure was 
written as a function of the normal surface velocity using the boundary element method. The 
feasibility of reducing radiated sound power with small patches of constrained layer damping 
material is proved. Small patches of constrained layer damping material are placed on the 
structure to effectively reduce radiated sound using reactive structural shearing intensity. The 
size, shape, and number of patches is explored. Two gradient methods are then used to 
minimize sound power radiated by a structure as a function of the area covered by constrained 
layer damping. The method of simulated annealing was used to minimized sound power as a 
function of damping patch area in cases where gradient methods proved unsuccessful. 
Reductions in sound power radiated at a single frequency of over 10 dB were achieved by 
covering just 1.1 percent of the total structural surface area with constrained layer damping 
material. 
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1. GENERAL INTRODUCTION 
l.I Problem Definition 
Reducing the amount of sound radiated by machines has become a high priority for 
both consumers and industry, making noise control increasingly important in the global 
market. A major reason is that consumers and health care providers have become more aware 
of the damage caused to the human ear by prolonged exposure to loud machines. Also, 
consumers are insisting on the increased operator and passenger comfort provided by quieter 
machines. Manufacturers are faced with increasingly tougher standards for the maximum 
noise output of the machines they market in the United States. Often foreign markets, 
especially in Europe and Asia, are inaccessible to many American manufacturers because the 
machines they sell are too noisy. 
The noise control options available for manufacturers who wish to quiet their products 
are categorized as active noise control (ANC) and passive noise control (PNC) methods. 
Active noise control attempts to reduce radiated sound by actually adding noise sources to a 
machine that are tuned to cancel the sound produced by existing noise sources on the structure 
of the machine. Another type of ANC places vibration restricting devices, such as 
piezoelectric actuators, at strategic locations on a machine's structure. These devices are tuned 
to restrict machine vibration in such a way as to reduce the sound radiated by a machine 
structure. 
Active noise control methods, while extremely successful in some cases, can prove to 
be impractical for use by manufacturers for several reasons. One is that the additional cost of 
the apparatus required to actively quiet a machine may cause the price of that machine to rise 
so much that it can not compete with other machines having the same function on the open 
market. Another is that installing the ANC apparatus can prove impractical and often 
impossible without completely changing the entire manufacturing process. Often, an ANC 
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solution requires redesign of a machine and can not be added to existing machines. In 
addition, failure of an active noise control method apparatus, either by computer malfunction 
or mechanical breakage, can cause the machine to radiate at an unacceptably high sound level. 
This can result in machine down time in industrial situations where noise level restrictions are 
strongly enforced. ANC failure can also annoy consumers. All of these things can result in 
customers being dissatisfied with the purchase of a machine. 
For manufacturers faced with these concerns, passive noise control methods are the 
preferred solution. There are two main types of passive noise control methods. They are 
material tailoring of and the addition of vibration reducing materials to a machine's structure. 
Varying the thickness or material properties of portions of a machine structure are two 
examples of material tailoring. Material tailoring of a machine's structure, like ANC, often 
involves completely redesigning the machine. Also, a material tailoring solution may 
recommend changes in a machine structure's shape that are difficult or very costly to 
manufacture. These solutions, like ANC solutions, often can not be added to existing designs. 
Thus, for many manufacturers, the most practical method of quieting their product is a 
PNC solution that simply adds some form of vibration reducing material to the structure of a 
machine. The material must be positioned so that the reduced vibration results in a reduction 
in sound output by the machine. This type of PNC solution usually involves placing on some 
portion of the machine's structure a layer of viscoelastic vibration damping material that may 
be constrained by a thin metal layer on its exterior surface. This type of material reduces 
vibration by absorbing and dissipating vibrational energy. A PNC solution may also involve 
placing a rib of material that reduces vibration by stiffening some portion of the machine's 
structure. It is usually less expensive in material and labor to manufacture PNC solutions that 
require the application of constrained layer damping or stiffening ribs to as small a portion of 
the machine's structure as possible. 
The challenge, then, is to achieve the largest possible reduction in sound radiated by a 
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machine's structure with the smallest possible application of vibration reducing materials or 
stiffeners. There are five main issues to be addressed by such a passive noise control solution. 
First, it must be demonstrated that the types of changes in the vibration of a structure 
produced by these small changes can actually produce significant reduction in the sound 
power radiated by that structure. Second, a PNC solution must be able to effectively predict 
where on a structure the material additions must be applied in order to most greatly reduce the 
sound radiated by the structure. Third, the dependence of the vibration of the structure on the 
size, shape, thickness, and material properties of structural additions should be quantified. 
Fourth, the sound radiated by a structure must be quantified in terms of the vibration of that 
structure. Fifth, an effective method is needed for minimizing the sound radiated by a 
structure while determining the size and shape of damping or stiffening materials to be added 
to a structure at the location specified by the method used to satisfy requirement two above. 
The five part problem is summarized below. 
PROBLEM STATEMENT: 
The largest possible reduction in sound radiated by a structure is to be achieved with 
the smallest possible application of vibration reducing materials. This dissertation divides the 
problem into the following five step process: 
1. Show that small applications of vibration damping materials can achieve significant 
reductions in the sound radiation. 
2. Determine the most effective placement of vibration damping material on the 
structure. 
3. Quantify the structural vibration in terms of the size, shape, thickness and properties 
of the damping material added to the structure. 
4. Quantify the sound output by the structure in terms of the vibration of the structure. 
5. Minimize the sound radiated by the structure with respect to the size, shape, 
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thickness and properties of the material added to the structure. 
The following section highlights what parts of this problem have been addressed by 
the existing body of literature and indicates where significant contributions can be made to the 
problem. 
1.2 Literature Review 
Surprisingly little research has been done that addresses the entire problem stated in 
the previous section. However, there is a vast body of literature that studies some of the 
individual points of the problem. The goal of this section is to explore the literature to 
compare and contrast work already done with the problem at hand. 
A significant amount of work has been done involving altering the vibration and 
radiated sound of a structure by some structural change. The papers by Hinton et al. and 
Naghshineh et al. are representative of this large body of work.^'^ In the paper by Hinton et 
al., the vibration pattern of a structure is manipulated by greatly changing the entire shape of 
the analyzed structure, while Naghshineh et al. is concerned with minimizing the radiation 
output by the structure, but not with how much of the structure must be modified to 
accomplish the objective. Hinton et al. uses an idealized finite element model and sequential 
quadratic programming to calculate the shape of an object which will result in specific 
vibration characteristics.^ Naghshineh et al. varies the material of a very simple structure in 
order to force its vibration to match acoustic mode shapes which radiate inefficiently.^ Both 
procedures are intended for design of new structures, rather than modification to existing 
designs. 
Some work has been done that involves adding velocity reducing material to 
structures.^"'^ This work only looks at infinite plates. Further, the entire structure was modified 
with the added material, and the sound radiated by the modified structure was not considered. 
Other similar work looks at adding large amounts of vibration damping materials to a 
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structure in discrete portions.^'^ No limit on or attempt to minimize size of these applications 
was made. The work by Spalding and Mann attempts to achieve significant changes in the 
vibration pattern of an existing structure by adding small amounts of vibration damping 
materialJ The work considers where to place patches of constrained layer damping material 
in order to achieve global or local changes in the vibration pattern of a plate. Neither the effect 
of these patches on the sound radiated by the plate nor the amount of damping to apply to the 
structure is addressed. 
Another large body of work attempts to quantify the vibration of a structure as a 
function of some alteration made to the structure. In general, the goal of these works is to 
change the natural frequencies of vibration or reduce the vibration at a given natural 
frequency of a structure. The papers by Kirsh and Adelman et al. are representative of these 
works.®'® The method of most of these articles is to discretize the structure and apply the finite 
element method to predict changes in frequency and patterns of vibration when the dimension 
of some part of the structure is varied. In other papers, the size of the parameter that produces 
the optimal change in vibration or frequency is calculated by sensitivity methods^®'*' None of 
these papers work with quantifying the velocity of a structure modified by adding some other 
materials at specific places on the structure. This is an extremely difficult problem, and 
researchers are just beginning to make progress in this area. 
Perhaps the most thoroughly researched body of literature involves writing functions 
which quantify the acoustic field of a radiating structure in terms of its vibration pattern. Early 
work examined radiation problems involving the Helmholtz Integral Equation.^^'^^'^'^ Early 
inaccuracies in the boundary element method (BEM) for calculating the acoustic field 
surrounding three dimensional structures were corrected in more recent work.^^'^®*^^ The 
BEM was then extended to calculate the sound power radiated by 3D structures as a function 
of their vibration pattern by Cunefare and Koopman.*® Thus, quantifying the acoustic field of 
a structure in terms of its vibration pattern, which is point four of the problem statement in 
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Section 1.1, has been thoroughly covered in the literature. 
A great deal of work has been done to optimize structural vibration as a function of 
some structural parameter for simple objects. Much work has also been done on structures that 
can be accurately modelled by the finite element method.®'A wide variety of methods have 
been used to solve these and similar structural optimization problems,^®'^®'^^'^^ Sequential 
quadratic programming, gradient projection, and successive approximation are just a few of 
the methods used. Much work has also been done on the problem of optimizing an acoustic 
field of a structure as a function of its vibration pattern. Most of this work involves active 
noise control methods, however.^^'^^'^*^^ None of these articles addresses optimization of 
acoustic fields using passive control methods applied to a structure. Further, none of the 
articles found combine the dependance of structural vibration on small modifications added to 
the structure with the dependance on structural vibration of the resulting radiated acoustic 
field surrounding a structure. Combining these relationships into one expression for the 
acoustic field as a function of some small structural change would contribute significantly to 
the existing literature. Establishing a method for minimizing the resulting expression with 
respect to the structural parameter being modified would also form a significant contribution 
to the body of knowledge. 
Many forms of optimization were reviewed as possible methods for optimizing a 
function expressing the dependance of the acoustic field surrounding a 3 D structure as a 
function of some structural modification parameter.^^ It was decided that gradient 
optimization methods showed the most potential for minimizing such a function.^® The 
method of simulated annealing also appeared to be a viable option for optimizing the resulting 
function.^®'^® 
The meaningful contribution of this dissertation and its structure are discussed in the 
remaining two sections of this chapter. Because the main body of this paper consists of three 
journal articles, additional literature required for the development of these papers is reviewed 
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as necessary in each paper. 
1.3 Statement of Contribution 
In the preceding literature review, it was shown that steps one, two, three, and five of 
the problem statement in Section 1.1 still need a great deal of research. Only step four, writing 
an expression for radiated sound power of a structure as a function of its vibration pattern, 
though approximated by the boundary element method, has been thoroughly explored. Step 
three of the problem statement, writing an expression for the vibration of a structure as a 
function of the characteristics of the vibration reducing material added to the structure, still 
requires extensive further research to generalize the solution. It is anticipated that the work of 
several people will be requked to solve this problem. Solving this part of the problem 
statement will be beyond the scope of this dissertation. However, the relationship needs to be 
expressed in some form for step five of the problem statement, optimizing the radiated sound 
field in terms of characteristics of damping material added to the structure, to be completed. 
Because of this, an expression for this relationship will be approximated from measured data 
for structures. Therefore, this dissertation will focus on efforts to develop and refine 
techniques for the solution of the other steps of the problem statement. 
Completion of steps one, two, and five of the problem statement also form a significant 
contribution to the literature. Therefore, the contribution of this dissertation to the body of 
literature will be to thoroughly research steps one, two, and five of the problem statement in 
Section 1.1. This contribution is summarized in the statement below. 
STATEMENT OF CONTRIBUTION: 
This dissertation will significantly contribute to the existing body of literature by 
researching the following three areas: 
1. Determine that small applications of vibration damping materials can significantly 
reduce the sound radiated by a structure. 
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2. Demonstrate a method to determine the most effective places to put patches of 
vibration damping materials on a structure. 
3. Minimize the sound radiated by a structure by calculating the appropriate size and 
shape of the vibration damping materials added to the structure. 
The organization of the dissertation discussed in the following section is based on this 
statement of contribution. 
1.4 Dissertation Organization 
The remainder of this dissertation consists of five chapters. In Chapter Two, the 
method of calculating the sound power radiated by three dimensional structures via the 
boundary element method is discussed. This chapter sununarizes the literature regarding the 
method to quantify the radiated sound in terms of the vibration of a structure. Specific 
modifications to existing theories that were made for the purpose of this research are also 
discussed. The chapter is the foundation of the rest of the dissertation because it describes the 
method used to calculate sound radiation in all of the chapters following it. This chapter 
addresses step four of the five step problem statement in Section 1.1. 
The next three chapters are three papers which will be submitted to refereed journals 
for publication. These three papers present the contribution made to the literature by this 
research. Each area of the dissertation problem statement of Section 1.1 addressed by the 
contribution statement of Section 1.3 is addressed individually. 
The first paper, Chapter Three, shows that small modifications to the vibration pattern 
of a structure's surface can significantiy reduce the sound power radiated by that structure. 
The changes in the velocity pattern were constrained to approximate those achieved when 
small patches of constrained layer damping material are applied to a structure.^ 
In the second paper, Chapter Four, reactive shearing structural intensity is used to 
determine the best place to attach patches of constrained layer damping material in order to 
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significantly reduce sound radiated by three dimensional structures. This paper discusses point 
two of the statement of contribution, which corresponds to point two of the problem statement 
in Section 1.1. 
The third paper, Chapter Five, presents three optimization techniques which minimize 
the radiated sound power of a three dimensional structure as a function of the area of 
constrained layer damping patches placed on the structure. The expression for the vibration of 
the structure studied as a function of constrained layer damping patch area is approximated 
using measured data in this paper. 
In the final chapter of this dissertation. Chapter Six, general conclusions regarding the 
success of this dissertation in addressing the problem statement and accomplishing the goals 
of the statement of contribution are made. This chapter points out the fact that, though the 
work was performed for constrained layer damping patches, the method presented is easily 
adjusted to other structural parameters if an expression for the dependence of structural 
vibration on these parameters can be written. Suggestions for further work are made at the end 
of this chapter. References cited in the first two chapters of this dissertation are listed 
following the general conclusion. 
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2. CALCULATING SOUND POWER RADL^TION 
BY THE BOUNDARY ELEMENT METHOD 
2.1 Introduction 
All of the research described in this document is based on calculating the sound power 
radiated by a three-dimensional vibrating structure utilizing the boundary element method 
(BEM). The BEM requires that only the normal surface velocity and the outer surface 
geometry of the structure in question be known to calculate the radiated sound power. This 
calculation method is used in the three chapters of this dissertation that are written as papers 
for submission as journal articles. Therefore, this chapter was written to outline the specific 
method used in this research to implement the BEM for calculating the sound power radiated 
by a vibrating structure. In the first segment of this chapter, the theory developed by Cunefare 
and Koopman to calculate the sound power radiation using the BEM is presented. The 
basic method of Cunefare and Koopman for calculating the sound power is followed nearly 
exactly. Exceptions to this method, adopted for the purpose of a more accurate computer 
implementation of the BEM, are presented in the second section of this chapter.'^ In the final 
section of the chapter, some tests of the accuracy of the particular code implemented in this 
research, as well as some observations about discretizing three dimensional structures to 
improve accuracy of the results, are described. 
2.2 Development of the Sound Power Function 
Discussion of the BEM for calculating the acoustic sound power radiated into a fluid 
by three-dimensional structures begins with the Helmholtz form of the wave equation, 
V24) + kVo = 0, (2.1) 
where a carat indicates that 4> is a complex quantity, k = co/cis the acoustic wavenumber, 
and 0) is the harmonic angular frequency of oscillation and c is the speed of sound in the fluid. 
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Equation 2.1 is valid when is acoustic pressure, acoustic velocity, or velocity potential. The 
equation assumes a harmonic time dependence for these quantities. 
The domain of the Helmholtz Integral Equation (HIE) that results from this governing 
equation is shown in Fig. 2.1. In the diagram, a sourceless three-dimensional body is bounded 
by a closed surface r, which is not necessarily smooth. Surrounding the body is a fluid 
region, Q. The surface r is vibrating and is the mechanism by which vibrational energy 
exiting the body surrounded by F is radiated into the fluid Q as sound. For example, F could 
be the outer surface of the metal shell of a washing machine. The distance from the origin of 
the defining coordinate system to a point on the vibrating surface, F, is represented by the 
vector FQ . The vector n is the unit normal to F at the source designated by TQ and points 
into Q. Finally, the vector r defines the distance from the origin to any point in the fluid Q. 
Figure 2.1: Diagram of the 3-D domain for the exterior Helmholtz integral equation. 
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The derivation of Eq. 2.2 is covered thoroughly in the literature; and will not be 
presented here, since only the equation itself concerns the rest of the discussion of the BEM 
expression for radiated sound power.^^The resulting EDDE is, 
j  ^ ) )drro = )  P(i^ ) .  
r 
where j is 4^, p is the mean density of the fluid that sound power is being radiated into, p 
is the acoustic pressure, and v is the velocity of the surface F in the normal direction n . The 
function G in Eq. 2.2 is the fundamental solution to the inhomogeneous HIE, and is called the 
free space Green's function, 
jkR 
a.3) 
where 
R = | ? - r - ; | |  ( 2 - 4 )  
defines the distance between a source on the surface of the body and any point in space. The 
value of the coefficient alpha in Eq. 2.2 depends on the position of r in space, as well as the 
shape of the surface at FQ according to 
r  
a(r)  = 
1, r € Q 
f s r (2.5) 
47C 
^ 0, r g Q, r. 
the quantity 5Q defines the outer solid angle at TQ on the surface of T 
In order to calculate Eq. 2.2 for the surfaces of most 3-D bodies it is necessary 
discretize the surface. If the surface of the 3-D region is divided into m boundary elements, 
then the left side of Eq. 2.2 can be rewritten, without approximation, as a sum of integrals 
where the integration is performed over each element individually 
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^ J (^In ©pvojdr = ap.  (2.6)  
i = i r, 
In general, either acoustic pressure or normal acoustic velocity may be known on the surface 
and G is the analytical function previously described. 
In most laboratory situations, the surface normal velocity is determined by 
measurement. It is often easier to measure normal velocity accurately rather than acoustic 
pressure since an anechoic environment is not necessary for measuring vibration. Also, BEM 
codes are more accurate when normal velocity is known and pressure must be calculated than 
when the reverse is true.^^ For this research the distribution of normal velocity over the 
surface of a vibrating body will be known and an unknown acoustic pressure will be 
unknown. When this is the case, it is useful to rewrite Eq 2.6 as 
m ^ ^ \ ^ 
a ( 0 p ( 0 - X  =  J ( j a )pv(?^)G(?,?;))dr.  (2.7) 
i = 1 Tj i = 1 Tj 
Typically, the surface velocity is measured at a total number n of discrete points on the 
structure. As a result, the measured surface velocity is represented as a vector of values 
corresponding to the measurement points. The parameter n is not equal to m if elements with 
more than one node per element are used. 
Methods to evaluate Eq. 2.7 in order to calculate the acoustic pressures at these same 
points numerically are thoroughly discussed in the literature.^^'^^ The basic idea of each of 
these methods is to let r approach TQ for each of the discrete points where the velocity is 
measured on the surface in Eq. 2.7. The left hand side of Eq. 2.7 results in a set of coefficients 
which multiply the unknown acoustic pressure on the surface at the discrete points comprising 
each element i. A set of these coefficients is obtained for each of the n points on the surface. 
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The right hand side of Eq. 2.7 results in a similar set of coefficients which multiply ±e normal 
velocity at each of the n points on the surface. When all of the coefficients which multiply the 
same points on the surface are combined, the outcome of any of the techniques described in 
the literature is a system of n linear equations relating pressure and velocity 
[6] {p} = []VI] {V}. (2.8) 
Neither the [D] nor [M] matrices in Eq. 2.8 is dependent on either the normal velocity or the 
acoustic pressure on the surface of the body or anywhere else in the domain of the HIE. Both 
matrices, however, depend on the frequency at which the body enclosed by r is radiating, the 
speed of sound in the domain Q, as well as the geometry of the surface r • 
Because the surface velocity will be known it is very convenient for the rest of the 
discussion in this section to rewrite Eq. 2.8 as 
{p} = [Z]{n.  (2.9)  
where 
[Z] = [D]"^[15I]. (2.10) 
This combination of terms results in an expression directly relating the surface acoustic 
pressure and the normal acoustic velocity for a discretized structure, making it possible to 
write a boundary element expression for sound power radiated from the surface r as a 
function of the normal velocity on the surface only. 
The sound power radiated by a vibrating structure is 
W = iRe Jpv*dr, (2.11) 
r 
where * denotes complex a conjugate. Using the same discretization used for the BEM 
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formulation, the expression is rewritten as 
(2.12) 
a summation of the m integrals, integrated over each boundary element. Eq. 2.12 is rewritten, 
in tum, as a sum of the power radiated by each individual element as 
In Eq. 2.14 Pj and Vj represent the acoustic pressure and normal surface velocity 
distributions, respectively over the surface of element i. 
In the boundary element method, the acoustic pressure and surface velocity are not 
known as analytic functions, but rather at the discrete locations discussed with Eq. 2.8. In 
order to v/rite the expression for acoustic pressure and velocity over the surface of each 
individual element in terms of the node locations used in the BEM formulation, it is necessary 
to multiply the vector of pressure and velocity values by a vector of shape functions defined in 
terms of the local coordinate x on each element via 
(2.13) 
i  = 1 
where the power of each element is written as 
(2.14) 
b 
pw = (2.15) 
a = 1 
and 
b 
V ( i )  =  X H a ( ^ ) V a .  
a = 1 
(2.16) 
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where b is the number of nodes on the given element. The specific shape functions and 
elements used in this research are described in the next section of this chapter. Equations 2.15 
and 2.16 can be more conveniently written in vector notation as 
p(i) = {H}'^{pj} (2.17) 
and 
= {H}'^{V. (2.18) 
where the subscript i now refers to all of the values of pressure and normal surface velocity at 
all of the nodes comprising element i of the boundary. Using Eq. 2.17 and 2.18, Eq. 2.14 is 
rewritten as 
W| = iRe|( '{H}' '{p|}Y{H}''{?,}Tdr. (2.19) 
Ti 
The expression 
{H}^{Pi} (2.20) 
represents a scalar and, therefore, must be equal to its transpose, thus 
T 
{H}'^{Pi} = {pj} {H}. (2.21) 
Substituting Eq. 2.21 into 2.19 yields 
Wj = ^Rej  {Pi}^{H} {H}' '{vj}*dr.  (2.22) 
To progress further, it is necessary to refer back to the [Z] matrix in Eq. 2.9. If the 
matrix [Zj] is defined as the rows of the [Z] matrix which provide the vector of pressures at 
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the nodes comprising element i, then the pressure vector in Eq. 2.22 can be rewritten as 
{Pj} = [2i l  {V}.  (2.23) 
Substituting this expression into Eq. 2.24 provides the expression 
Wj = |ReJ {v}'^[Zi]'^{H} {H}''{V*dr. (2.24) 
Now, only the shape functions are unknown in Eq. 2.24. Pulling all of the values known at the 
nodes of each element out of the integral results in 
.r, 
w, = iRe T T i n  (2.25) 
It is now usefijl to define the product of [zj] and the integral over the product of the shape 
function vector with its transpose as 
[Zj] 
-r. 
dr = [Ail .  (2.26) 
Note that the [Aj] matrix for element i is simply the impedance matrix [Zj] for element i 
multiplied by the area of element i and a factor dependent on the shape functions. 
If the definition in Eq. 2.26 is substituted into Eq. 2.25, the result is 
lo 
= jRe T. I {V} [A;] {Vj} (2.27) 
If the individual powers from all m of the boundary elements are added together, the outcome 
is the following expression for the total sound power radiated by the structure is 
W = |Re({n'^[Ai]  {Vi}% {^^[Az] {^2}* + . . . ] .  (2.28) 
Assembling all of the [Aj] matrices into one matrix [A] and assembling all of the {Vj} 
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vectors into a single vector yields a compact expression for the total radiated sound power of a 
discretized structure that is a quadratic function of the velocity at every node, 
W = iRe({n'^[A] (n*)-  (2.29) 
This relationship can be simplified even further. First note that the real part of one half 
of the quadratic portion of Eq. 2.29 must be equal to one quarter of the same expression plus 
one quarter of the transpose of the same quantity, 
W = ^({v}'^[A] { v } * +  ({v}'^[A] {n*)*).  (2.30) 
Expanding the complex conjugate of the second term in Eq. 2.30 yields 
({n '^[A] i n * ) *  = {n"[A]*{v},  (2.31) 
where H denotes the Hennitian (complex conjugate of the transpose) of the velocity vector. 
The expression 
{n '^[A]{n* (2.32) 
is a scalar and is, therefore, equal to its transpose 
{n"[A]*{n = {n'^iA]"{n*. (2.33) 
Now, substituting Eqs. 2.31 and 2.33 into Eq. 2.30 and combining terms, we can write 
the expression for the total sound power radiated by the body via as 
W = | ({v}'^[A] {n*+ {n'^[A]"{n*),  (2.34) 
or as 
W = (2.35) 
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where 
[6] = [A] + [A]". (2.36) 
Note that this definition results in the fact that 
[6] = [B]" (2.37) 
Equation 2.35, the final objective of this section of the chapter, is the expression that is 
used to calculate the sound power radiated by the vibrating surface F. Once the [B] matrix is 
obtained for a surface radiating at a given frequency, the power for any normal vibration 
pattern distributed over the surface F can be calculated using Eq. 2.35. The [B] matrix is not a 
function of the surface velocity, but is a function of the geometry of F and the frequency at 
which the structure enclosed by F is radiating. 
2.3 Computer Implementation 
A code which provided the complex [D] and [M] matrices discussed the previous 
section was developed by Liu and Rizzo.'^ Both Liu and Rizzo, but especially Liu, were 
extremely helpful in making this code operational for this research project. This code is vastly 
superior to most of the other codes available at the beginning of this research because of its 
ability to handle hypersingular BIEs and its use of elements with quadratic shape functions. In 
the literature, poor performance at very low and very high wavenumbers was reported. 
Specifically, the codes used were inaccurate for structures radiating sound with a wavelength 
longer than the characteristic dimension of the structure. The improved code developed by Liu 
and Rizzo greatly increased the accuracy of calculating radiated sound power at both higher 
and lower wavenumbers compared to those codes for which accurate results were obtained in 
the literature. 
Another feature of the code is its use of combinations of eight node quadrilateral and 
six node triangular boundary elements to discretize a structural surface. Diagrams of the 
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parent elements that these elements are mapped to are shown in Fig. 2.2. In the case of the 
eight node quadrilateral, the values of the coordinates and ^2 between -1 and +1. 
For six node triangles, on the other hand, the coordinates are constrained to 
^1+^2 +  ^ 3  =  (2-38)  
The shape functions for the eight node quadrilateral element are 
•Nl«,  ^2) 
^2) 
^2) 
N4(5i  ^2) 
N5«,  ^2) 
^2) 
N,(? ,  ^2) 
k (5 .  ^ 2) J 
f ( l /4)  (^ ,  +  1)  (^2+1)  (^1+^2-1)  
(1 /4)  (^ , -1)  (^2+1)  (^1-^2+1)  
(1/4)  ( l -^ l )  (^2-1)  (^1+^2+1)  
(1 /4)  (^ ,  +  1)  (^2-1)  (^1-^2-1)  
(1/4)  (^ i  +  l ) ( l -^^)  
(1/4)  (^2+1)  (1-^?)  
(1 /4)  (^ , - l ) (^2- l )  
(1/4)  (1-2)  (1-^^)  
(2.38) 
The shape functions for the six node triangle are 
{N(^, ,^2 '^3)}  = 
•NI(^1,^2 '^3)"  ! ) •  
N2(^P^2 '  y  ^2(2^2- 1) 
N3( |p^2.y  ^3(2^3- 1) 
4^I^3 
^5 (^1' ^2' ^3) 4^1^2 
•^6(^1. ^2' y- •^^2^3 • 
(2.39) 
Portions of this code were then modified to output quantities needed for the calculation 
of radiated sound power. Specifically, the code was modified to output the quantity 
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Figure 2.2: Parent elements for eight node quadrilateral and six node triangle elements. 
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[ C j ]  = J{ H } { H}V. ( 2 . 4 0 )  
r, 
which is used to calculate the [Aj] matrices shown in Eq. 2.26. Once again, Liu was extremely 
helpful in accomplishing this task. Finally, code was written to calculate the [B] matrix shown 
in Eq. 2.34 from the [D], [M], and [cj] matrices. 
2.4 Initial Testing 
There are two main issues concerning the accuracy of any BEM program for the 
calculation of radiated sound power other than those addressed by Liu and Rizzo. The first of 
these is to discretize the surface into enough elements of the right shape so that its geometry is 
accurately modeled by the boundary elements and nodes used to represent it. The second is to 
discretize the surface into enough elements so that the surface normal velocity pattern is 
accurately represented by the velocities measured at the boundary element nodes of the 
discretization. 
To test the accuracy of the BEM code used in this research with respect to the first 
criterion in the previous paragraph, the sound power radiated by a pulsating sphere was 
calculated and compared to theoretical values for a wide range of ka values and discretizations 
of the sphere.^^ The parameter a is the radius of the sphere, and was equal to one unit in the 
study performed. Again, k is the acoustic wavenumber at which the sphere is radiating. 
Various values of ka were used to verify that the code developed by Liu and Rizzo did indeed 
achieve greater success at both lower and higher wavenumbers than in the literature. 
The velocity pattern of a pulsating sphere is shown in Fig. 2.3. On a pulsating sphere, 
the radius of the surface is alternately increasing and decreasing uniformly. This type of 
vibration is often referred to as a "breathing" velocity or mode, and is commonly the first 
vibration mode of many structures. This vibration pattern was chosen because the normal 
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surface velocity at every boundary element node is exactly the same no matter how many 
elements are used in a discretization of the sphere. Thus, increased numbers of elements will 
indicate how well a subsequent discretization is modeling the geometry of the surface of the 
sphere, and not how well the vibration pattern of the sphere is being represented by a given 
discretization at a given frequency of radiation. 
Figure 2.3: The velocity pattern of a pulsating sphere. 
To test how many elements were needed to accurately model the geometric shape of 
the sphere, the radiated sound power of a total of six BEM discretizations for a sphere 
pulsating at two different values of ka was calculated and compared to theoretical values. 
Combinations of quadrilateral and triangular elements were used in all of the discretizations. 
Discretizations were as symmetric as possible. Two of the discretizations studied are shown in 
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Figure 2.4. The results of the comparison made are shown in Table 2.1. The decibel values are 
referenced to a value of unity. For the initial discretization of twelve boundary elements, 
calculated power is fairly inaccurate for both ka = 1 and ka = 2, differing by almost 6 dB from 
the theoretical predictions. However, as the number of elements is increased to fifty-six, exact 
radiated powers were calculated for both values of ka. 
Figure 2.4: Twelve and fifty-six element BEM discretizations for a sphere. 
In a second test, the dependence of the accuracy of the program on ka was tested more 
thoroughly. Since the fifty-six element discretization proved accurate for earlier computations, 
it was decided to use this discretization for a wider range of ka values. Specifically, it was 
desired to show that the program is accurate for ka values less than about 0.6. This 
corresponds to sound radiating with acoustic wavelength greater than ten times the radius of 
the pulsating sphere, which was reported as problematic in the literature. The results of this 
comparison are shown in Table 2.2. Note that all of the calculated values of radiate sound 
power are within 0.1 dB of theoretical values for a wide range of wavenumbers. This is a vast 
improvement over other codes noted in the literature. 
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Table 2.1: Comparison of theoretical and calculated power for a pulsating sphere radiating at 
ka = 1 and ka = 2. 
# of Elements ka Calculated power, dB 
Theoretical 
Power, dB Difference 
12 1.0 25.3 31.2 -5.9 
12 2.0 27.4 33.2 -5 .8  
16 1.0 27.8 31.2 -3.4 
16 2.0 29.4 33.2 -3.8 
24 1.0 29.1 31.2 -2 .1  
24 2.0 31.1 33.2 -2 .1  
32 1.0 30.2 31.2 - 1.0 
32 2.0 32.0 33.2 - 1.2 
40 1.0 30.6 31.2 -0.6 
40 2.0 32.8 33.2 -0.4 
56 1.0 31.2 31.2 + 0.0 
56 2.0 33.2 33.2 + 0.0 
Table 2.2: Comparison of theoretical and calculated power for a pulsating sphere radiating at 
various ka values. 
ka Theoretical Power, dB 
Calculated Power, 
dB Difference 
0.2 20.0 20.0 + 0.0 
0.4 25.6 25.5 -0.1 
0.6 28.4 28.4 + 0.0 
0.8 30.1 30.1 + 0.0 
1.0 31.2 31.1 -0.1 
2.0 33.2 33.1 -0.1 
3.0 33.7 33.6 -0.1 
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A few observations were made about the performance of the code while compiling 
data for Tables 2.1 and 2.2. First, the program can be extremely accurate if enough elements 
are used to discretize the structure, even at low and high values of ka. If two few elements are 
chosen, the result is an inaccurate discretization of the structure surface and an inaccurate 
calculation in Equation 2.40 because the total surface area of the boundary T is 
underestimated. Thus, more elements are required to actively approximate the surface of a 
very irregular body. 
Next, an experiment was devised to test how many elements were necessary to 
accurately represent the velocity patter of a vibrating structure. A cubic body like the one in 
Figure 2.5 is ideal for this test since a discretization of just one element on each side of the 
cube models the geometry of the surface exactly. However, such a discretization will 
Figure 2.5: A cube discretized with two boundary elements along each edge. 
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obviously be very unsuccessful in describing the surface vibration of the cube. The cubic 
surface is constructed of six thin square plates and discretized so that there are two boundary 
elements along each edge of the cube. Further, consider a situation where the velocity pattern 
of the cube also consists of the velocity pattern of six thin square plates. An actual measured 
plate velocity pattern, in this case what is called a 2-2 mode in this document, is shown in 
Figure 2.6. 
Figure 2.6: A 2-2 velocity mode for a thin square plate. 
When this velocity pattern is placed on the sides of the cube, the result is that the 
surface of the cube is modeled exactly, while the shape of the normal velocity pattern is 
completely missed. This fact is highlighted in Figure 2.7. The figure shows a top view of the 
velocity pattern shown in Figure 2.6 placed on one side of the cube discretized as in Figure 
2.5. 
No theoretical values exist for power levels radiated by cubic structures, so a common 
sense experiment was devised to choose the number of elements necessary for accurate power 
calculation. After the velocity patterns for the cube were simulated by placing common plate 
mode shapes on the sides of the cube, power values were then calculated for numerous ka and 
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Figure 2.7: Comparison of the 2-2 velocity pattem with a BEM discretization of two 
elements along each edge of a cube. The cube is discretized into a total of 24 
elements. 
boundary element discretizations for each mode shape. Table 2.3 shows results for two values 
of ka and several discretizations for a cube with a 2-2 velocity pattem on each of its six sides. 
All of the discretizations studied were symmetric in that each one had an equal number of 
boundary elements along each edge of the cube. The most important fact to note is that as the 
number of elements increased, the calculated power converged to a final maximum value for 
both values of ka. Further tests showed that calculated power converged to a maximum for 
cubes with more complex velocity patterns vibrating at a wide range of ka values. Further 
presentation of specific results is not necessary. However, the general trend indicated by the 
studies is very important. These results will be summarized as a general method for choosing 
a discretization based on the shape of the structure modeled, the complexity of the velocity 
pattem the surface of the stmcture is vibrating with, the ka value at which this velocity pattem 
occurs, and the computing resources available for power calculations. 
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Table 2.3: Comparison of theoretical and calculated power for a pulsating sphere radiating at 
various ka values. 
Total number 
of Elements ka 
Calculated 
Power, dB 
Difference from 
Previous, dB 
94 1 13.8 NA 
150 1 14.4 + 0.6 
216 1 14.4 + 0.0 
294 1 14.4 + 0.0 
96 2 24.0 NA 
150 2 24.6 + 0.6 
216 2 25.3 + 0.7 
294 2 25.1 -0.2 
2.5 Summary 
A general method for choosing the correct number of boundary elements was arrived 
at as a result of all of the experiments summarized in Tables 2.1-3, as well as numerous other 
cases that were tested. The most important observation obtained as a result of these 
calculations is that, for a structure with a given velocity pattern and radiating at a particular 
ka, the calculated power converges, in general, to a maximum value as the number of 
elements in the boundary element discretization increases. Calculated powers for all 
experiments were considered to have converged if a successive increase in the number of 
elements results in a change of 0.2 decibels or less in the calculated radiated sound power of 
the structure. 
One notable exception is at low numbers of elements. If nodes in a particular 
discretization happen to cover most of the velocity maxima for a given vibration pattern, the 
accuracy of the calculated sound power may be reduced by increasing the number of elements 
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in such a way as to shift the position of the nodes away from velocity maxima. The calculated 
power will converge to an accurate value as the number of elements is further increased. This 
phenomenon may save time for very specific applications, but is not recommended for general 
analysis of a structure. More elements are usually needed in an actual measurement situation 
to effectively capture the more complex velocity patterns of vibration that occur on plate-like 
structures at higher frequencies. 
More often, computing ability is the hard limit for the number of elements a structure 
is discretized into. The boundary element codes discussed in this dissertation require 
excessive amounts of computer memory as the number of elements increases. Often, a RAM 
limitations of the work stations used in this research were exceeded by the BEM code that 
calculated the [B] matrix when the number of elements was increased. Programming methods 
for overcoming this situation probably exist, but were not studied in this research. 
Computation time constraints were not a factor limiting the calculation of the [B] matrix since 
even calculations requiring days are not excessive; because it is only necessary to calculate 
[B] once for a given frequency and surface geometry. Radiated power can then be calculated 
for any velocity pattern occurring at or near the frequency the [B] matrix was calculated for by 
a simple matrix multiplication. As a result of this and the other factors presented in this 
section, two rules of thumb were arrived at for discretizing a structure into boundary elements 
for the cubic structures studied in this research. 
First, if the velocity pattern of interest, for instance mode shapes obtained by 
measuring a plate-like structure with a laser velocimeter at points corresponding to the 
boundary element nodes, looks fairly smooth when plotted, enough elements have been 
chosen to accurately capture that velocity pattern. Second, if the difference in calculated 
radiated sound power between two successive BEM discretizations is less than 0.2 dB, 
enough elements have been chosen. Velocity patterns that did not meet these two criteria were 
not studied in this research. These limits allowed study of cubes with velocity patterns 
31 
composed of the first seven mode shapes of a square plate measured via laser velocimeter 
placed on the sides of the cube. 
In the end, it was decided to discretize the cube into 294 quadrilateral boundary 
elements with seven elements along each edge. This was the highest number of elements that 
could be used in a symmetric discretization because of RAM limits on the workstation BEM 
codes were implemented on. This combined analysis to cubes with the first seven measured 
mode shapes of a 0.6m by 0.6m square plate placed on its sides. All seven mode shapes 
vibrated with a frequency below 500 Hz. 
While the rules of thumb were generated for a cube, they are useful for accurate 
calculation of the radiated sound power for other structures. 
32 
3. MINIMIZING THE SOUND POWER RADIATED 
BY A STRUCTURE USING VELOCITY CONSTRAINTS 
A paper to be submitted to the Journal of the 
Acoustical Society of America 
Daniel H. Kruger and J. Adin Mann m 
Abstract 
In cases where a structure's excitation cannot be altered, the sound radiation from the 
structure must be minimized by modifying the structure within given design constraints. In 
our work we consider small modifications of an existing structure, rather than a complete 
design of complex material geometries and properties, or active control methods. To 
accomplish this the sound power radiated by a structure was written as a function of the 
normal surface velocity using the boundary element method (BEM)[K.A. Cunefare and G.H. 
Koopman, J. Vibration and Acoustics 113, 387-394 (1991)]. This function was minimized by 
a gradient method with linear and second order velocity constraints. The constraints were 
formulated to reflect physical limitations of how damping material typically modifies a 
structure's normal surface velocity; although the exact behavior of damping material was not 
modelled in this work. When the phase and amplitude of the velocity were allowed to vary, 
unrealistic velocity patterns were calculated to minimize the radiated sound power. Therefore, 
the phase of the surface velocity was held constant while the velocity amplitude was only 
allowed to decrease. Simulated velocity patterns of a cubic structure were used to test the 
method and software created. Sound power reductions of 3 dB were achieved while 
modifying the normal velocity amplitude over only 0.46 percent of the surface area of the 
cube at a single frequency. The area of surface velocity that was modified in order to achieve 
minimum power radiated was found to depend on frequency. 
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3.1 Introduction 
Reducing the sound radiated by structures with outer surfaces consisting mainly of 
thin metal sheets or plates is of great interest to many working in structural acoustics. 
Examples of such structures are washing machines, refrigerators, or even a car body. Much of 
the current work consists of implementing active control measures, or performing a major 
redes ign of  the  shape or  s t ructura l  proper t ies  of  the  machine  being s tudied^l^pical ly  an 
existing structure has been designed for performance specifications other than low noise 
levels and cannot be dramatically redesigned. Therefore, the primary objective of this paper is 
to reduce the sound radiated by cubic structures through velocity changes that approximate 
the effects of passive control measures that are added to an existing structure. 
The main goal of this paper is to show that significant reductions in the radiated sound 
power are possible by reducing the normal surface velocity over small areas of the structure's 
surface, typically less than five percent of the total surface area. A second part of this goal is to 
show it is possible to calculate these reductions as optimal solutions for a gradient search with 
velocity constraints. Specifically, it will be shown that once the minimum power is found 
within constraints, reducing the vibration amplitude over additional areas can actually cause 
the radiated sound power levels to increase above the minimum. 
Research performed for this paper will be presented as follows. First, the sound power 
radiated by a structure is written as a quadratic function of the normal surface velocity using 
the boundary element method Accuracy of the BEM reported in earlier papers was 
greatly improved by implementing a 3D acoustic wave code developed by Liu and Rizzo and 
adapting it to calculate radiated sound power.'^ This code utilizes the more accurate quadratic 
element, as well as eliminating fictitious eigenfrequency difficulties reported in earlier works. 
The code developed by Liu and Rizzo eliminates fictitious eigenfrequencies by using a 
composite boundary integral equation which utilizes a general form of the hypersingular 
boundary integral equation. The specific code used only resorts to the hypersingular method 
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when matrices being calculated become ill-conditioned. It is worth noting that this code was 
extremely accurate for all frequencies studied in this paper. 
Next, optimizing this function via the gradient method is discussed. Then the function 
is rewritten to separate the dependence on velocity phase and velocity amplitude. This 
rewritten function is then minimized subject to two types of velocity constraints and subjected 
to various constraints on the total amount of surface area over which the normal velocity can 
be modified. Some difficulties that cause unrealistic velocity patterns which minimize the 
function to be calculated are pointed out. Because of this, the gradient method is adjusted to 
use a gradient vector which is averaged over an element. Finally, results and discussion of 
studies performed using this adjusted method are presented. 
3.2 Boundary Element Method 
The development of the equation that expresses the sound power radiated by a 
structure in terms of its normal surface velocity via the Boundary Element Method have been 
covered extensively in previous papers. Thus, only a brief description of the BEM, and its 
adaptation to passive noise control methods will be presented. 
The basic procedure in the BEM is to divide the surface of a structure into individual 
boundary elements as shown in Figure 3.1. In this paper, the boundary elements consist of 
eight nodes each with quadratic shape functions.^ Once the structure's surface is discretized, 
the radiated sound power of the structure, W, can be written as a quadratic function of a 
column vector {V} which consists of the complex normal surface velocity at each node, 
W(V) = |{V }"[B ]  {V } .  (3 .1)  
where H denotes the complex conjugate of the transpose and [B] is a matrix of coefficients. 
The calculation of [B] is fiilly covered by Cunefare and Koopman.* 
The [B] matrix relates the normal velocity of the stmcture to the sound power radiated by 
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Figure 3.1: Pictorial diagram of a boundary element discretization for a cubic structure. 
the structure using information about the geometry of the structure, the frequency, and the 
three dimensional acoustic free space Green's function. The matrix of coefficients [B] is 
calculated from the BEM. 
Several characteristics of the [B] matrix are important to note. First of all, it is not a 
function of the surface velocity {V}. Also, [B] is not a function of the material of the vibrating 
structure. Further, a given [B] matrix relates the surface normal velocity to the sound power 
radiated by a structure for a single frequency only. Thus, once a [B] matrix is calculated for a 
given structural geometry, the sound power radiated for that structure can be calculated for 
any surface velocity occurring on that structure at a single frequency. This fact allows the 
optimization to be carried out efficiently because the BEM code, which is time consuming, 
does not need to be calculated with each iteration of the optimization process. 
The mode shapes of a real structure will be used as initial velocity patterns for the 
optimization process because they dominate the vibration and subsequent sound radiation of a 
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structure. Also, mode shapes occur predominantly at a single frequency, which is convenient 
since a given [B] matrix is calculated for a single frequency. In reality, if the velocity pattern 
of a structure's mode shape is being altered by structural changes, such as material variations 
or the application of damping and stiffening materials, then the natural frequency of the mode 
does change. To be exact the [B] matrix would have to be calculated at each frequency 
change, or subsequently every iteration in the optimization process. However in this research, 
as the normal surface velocity is altered to obtain reductions in the radiated sound power the 
same [B] matrix is used. 
It has been verified experimentally that the same [B] matrix can be used for a structure 
whose velocity pattern is being altered by some form of structural modification, as long as the 
frequency of the velocity pattem does not vary by more than ten percent of the original value. 
Figure 3.2 shows the radiated power as a function of frequency for a box with typical first and 
third plate velocity modes placed on all six sides of the box. For values of ka between 0.4 and 
2.8 the radiated sound power is plotted versus ka, where k = 27tf/c, c = 343 m/s is the speed 
of sound in air, and a is the characteristic length of the box. Changes of up to 1 dB are 
indicated for ka changes of 10 percent. Thus, a practical limit for a change in ka of 10 percent 
is chosen because the changes in sound power that result from these frequency changes begin 
to exceed reductions in power resulting from altered velocity patterns in the frequency range 
studied in this paper. 
The following four sections describe the optimization. The primary goal of these four 
sections will be to describe how to compute the absolute minimum of the sound power given 
in Eq. 3.1. In the next section, the basic steps of the gradient method of optimization will be 
conveyed. The basic gradient method was slightly modified to complete work for this paper. 
The section on velocity constrained optimization will describe how the gradient method was 
shortened to find absolute minima of the sound power when it is subjected to various velocity 
constraints. Some difficulty is encountered when using the velocity constrained gradient 
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Figure 3.2: Plot of sound power versus ka for a cube with typical first and third normal 
velocity modes for a square plate placed on all six sides. 
method to optimize power functions with BEM discretizations having more than one node per 
element are used in the third of the next four sections. In the fourth and final section before the 
results and discussion, some minor adjustments are made to the gradient method which allow 
it to be successful when BEM discretizations with more than one node per element are used. 
3.3 The Gradient Method 
The gradient method of optimization is also extensively documented in the literature.^ 
Therefore, only the basic ideas and modifications made for the purpose of approximating the 
effects of constrained layer damping will be discussed. Because of the way we are optimizing 
a quadratic BEM function, only one iteration of the gradient method is needed.^ A modified 
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form of the gradient method is used here in order to accommodate adjustments needed for 
BEM discretizations having more than one node per element.''^ 
The first step in the gradient method of optimization is to compute a direction of 
search vector, {P}, which is calculated from the gradient of the sound power with respect to 
velocity in Equation (3.1) 
8W {P} =-^^  = -( [B]){V} .  (3 .2)  
This vector points in the opposite direction of the gradient vector, {G}, of the sound power (as 
a function of velocity), since the gradient always points toward changes in the velocity vector 
which will increase the value of the sound power. Then the power W is rewritten as a function 
of the direction of search vector and a step size parameter 0, 
W0 = W({V}+0{P}) .  (3 .3)  
The quantity 0 represents how far the velocity should be modified in the direction of search 
in order to change the value of the sound power in the direction of a minimum. 
It is now desired to calculate the value of 0 which minimizes the sound power 
function denoted in Equation 3.3. Since the radiated sound power as a function of velocity 
resulting from the BEM is quadratic, the value of 0 which minimizes Equation 3.3 is found 
by taking the first derivative of that equation with respect to 0 and setting it equal to zero, as 
shown below 
^[W({V}+0{P})]  =0.  (3.4)  
Then Equation 3.4 is solved for 0 , and the new velocity and sound power are calculated 
using Equation 3.3. Both the velocity and sound power are subject to constraints and 
convergence criteria that are described in the next sections. 
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3.4 Velocity Constrained Optimization 
In order to attach velocity constraints to the optimization problem which approximated 
the types of velocity changes expected by the application of constrained layer damping 
material, the complex velocity vector was rewritten in terms of a velocity amplitude vector 
{A) and a phase matrix [<^] as 
{v} = [0]{A},  (3 .5)  
where 
m = 
j^. 
e 0 0 0 
II 0 
j^2 
e 0 0 (3.6) 
0 0 e 0 
0 0 0 . . .  
and 
{A} = (3.7) 
No subscripts are used for vectors in this section, since only one iteration is necessary to 
optimize the power function in Equation 3.3. The [O] matrix can then be combined with the 
[B] matrix to define the [F] matrix, 
[F] = [^1 [B] m, (3.8) 
where the superscript T indicates the transpose of the matrix. This results in a modified 
expression for the sound power. 
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W(A) = J{A}' ' [F]{A},  (3 .9)  
which is now only a function of velocity amplitude. The rest of the optimization process is 
modified in a similar manner. For the velocity constrained optimization in the work it is 
desired to find 
(T)^0 = W({A} +0{P}) .  (3 .10)  
subject to the constraints 
A.  .  <A.  <A.« (3 .11)  
"imin - 1 - lO 
and 
GjAAj^O (3.12)  
where Aj and Gj are the velocity amplitude and the value of the gradient vector at each 
boundary element node i. The value Ajo is the initial velocity amplitude, Ajmin is the minimum 
allowable amplitude at each boundary element node, and AAj = Aj - Ajmin is the allowable 
change in amplitude of the velocity at node i, and the quantity GjAAj is defined as the 
sensitivity at each node i, which will be described in more detail later. Equation 3.11 
represents a first order velocity constraint. Since the velocity at each node can only vary 
between zero and its original value, the velocity amplitude can only decrease. Further since 
the amplitude is not allowed to become negative, 180 degree phase changes are eliminated. 
Both of these facts are important, since it is not expected that the application of damping 
materials would cause an increase in vibration amplitude, nor would such a modification 
result in 180 degree changes in the phase of the velocity. 
The quantity GjAAj in Equation 3.12 represents a second order velocity constraint. 
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The effect of this constraint is also to liniit amplitude changes to reductions only. In addition, 
when it is desired to find which areas of the structure are most effective in reducing the sound 
power, this constraint selects nodes with the highest sensitivity, which could mean that a node 
has  e i ther  a  large  gradient  value ,  G^,  or  a  large  a l lowable  reduct ion in  ampl i tude,  AAj .  
In order to decrease sound effectively, smallest areas of the structure which reduces 
radiated sound power the most when modified must be identified. Individual boundary 
elements were chosen for varying velocity on a structure because they are the smallest units of 
area defined. To find the element which best reduces radiated power of the structure, the 
sensitivity values at each node are summed over an element number k to find the sensitivity of 
the whole element, 
N 
G^AA^ = X GjAAj , (3.13) 
j = i 
where N is the number of nodes on an element, in our case N = 8. The sum in Equation 3.13 is 
calculated for all of the elements on a particular BEM discretization of a structure. The 
element with the highest sum resulting from Eq. 3.13 is chosen as the most sensitive element. 
Then all of the elements of the direction of search vector in Equation 3.10 are set equal to zero 
except those corresponding to the element k with the highest sum from Equation 3.13 in the 
one step gradient optimization process. Note that the sum in Equation 3.13 could be 
performed over any set of nodes. 
3.5 Preliminary Results 
Some experiments were performed using the velocity constrained optimization 
procedures described in the previous section. In all of the experiments carried out, the six 
sides of the box were given the initial velocity pattern shown in Fig. 3.3. In the grayscale plot 
shown in Fig. 3.3, white areas represent places where the velocity is the largest coming out of 
the page, which will be called areas of positive phase. Black areas represent areas of velocity 
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Figure 3.3: Simulated initial cubic velocity pattern used for velocity constrained 
optimization. 
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equally as large as the white areas, only 180 degrees out of phase with the white areas. Black 
areas will be denoted as having negative phase. The color of gray shown between the six cube 
sides corresponds to zero velocity. The velocity pattern shown in Fig 3.3. will be referred to as 
a 2-2 mode throughout the rest of the paper. 
For one example experiment performed, the most sensitive element occurred on the 
top side of the box with the velocity pattern shown in Figure 3.3. The velocity pattern 
calculated which resulted in the minimum sound power for this experiment is shown in Figure 
3.4. Only the top side of the box is shown because the velocity pattern on the other sides is the 
same as that shown in Figure 3.3, since only one element was allowed to vary. The element 
chosen is located in the lower right hand comer of the figure. Notice that the calculated 
velocity pattern has grey and white areas next to each other in Figure 3.4. This means that the 
velocity which results in the lowest sound power when one element is allowed to vary 
requires that adjacent nodes on a boundary element must have very high and very low 
Figure 3.4: Optimized cubic velocity pattern when one element is allowed to vary. 
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amplitude. This fact is a result of each node being allowed to vary according to its own 
corresponding value in the direction of search vector in Equation 3.10. Because of this, the 
amplitudes of some nodes on a boundary element are greatly reduced while the amplitudes of 
other nodes are allowed to remain the same or almost the same. More specifically, the 
direction of search vector at some nodes may indicate that amplitude should be substantially 
reduced to minimize power while the amplitude at other nodes should be increased to 
minimize power. The velocity at nodes where the direction of search vector indicates 
amplitude should increase are not changed because of the constraints presented in Eqs. 3.11 
and 3.12. 
The velocity pattern in Figure 3.4 is not attainable with passive control methods, and is 
therefore an unrealistic resuh for the research being done. A simple remedy to this problem is 
presented in the next section. 
3.6 Gradient Averaged Velocity Constrained Optimization 
One modification was made to the one iteration velocity constrained gradient method 
which resulted in the calculation of realistic velocity patterns. For gradient averaged velocity 
constrained optimization, all steps are carried out the same as in the regular gradient method 
until after Eq. 3.11 has been calculated for each element and the most sensitive element is 
chosen. Once the most sensitive element has been chosen, the elements of the direction of 
search vector are averaged over the most sensitive element. 
/ 
00 
^kav ~ EP.  /8 
II ) 
Then all the elements of the direction of search vector corresponding to nodes making up 
element k are set equal to Pjjav in the direction of search vector. All other elements of {P} are 
then set equal to zero and Eq. 3.10 is calculated as before. The resulting velocity amplitude is 
simply the original velocity amplitude added to the calculated step size parameter multiplied 
45 
by the averaged direction of search vector. Note that the power calculated by this new method 
is no longer the absolute minimum which was calculated when the gradient was not averaged. 
However, it is the minimum power that can be achieved by physically realizable velocity 
changes, and is therefore the most practical optimum solution. 
3.7 Results and Discussion for Gradient Averaged Optimization 
A series of computer studies using the gradient averaged velocity constrained 
optimization procedures described in the previous section were performed on a cube shaped 
box discretized into 216 boundary elements and vibrating with the simulated velocity 
distribution shown in Figure 3.3. The goal of this series of experiments was to show that 
significant reductions in sound power are possible for small changes in the surface velocity 
pattern of the box. Two schemes of optimization based on this idea were used in work for this 
paper. The first limited changes in the velocity field to only the most sensitive element. The 
second limited changes in velocity to combinations of the ten most sensitive elements. In both 
cases, the values of the gradient vector of all nodes not included in the most sensitive elements 
were set equal to zero so that their velocity amplitudes were not changed. 
In the first study, the velocity was only allowed to vary over the one element on the 
cube calculated to be the most sensitive.This experiment was performed for ka values ranging 
from 0.5 to 2.0. A maximum sound power reduction of 0.77 dB was achieved for a ka value of 
2.0 for the 2-2 mode. The results are in Table 3.1. Since only one boundary element was 
allowed to vary, this reduction was achieved by modifying only 0.46% of the cube's total 
surface area. The resulting velocity pattern at ka = 2.0 is shown in Fig. 3.5. Notice that the 
amount of reduction achieved increases with ka in Table 3.1. This is because the amount of 
acoustic coupling between elements on the structure is greater at lower ka. Acoustic coupling 
will be discussed in more detail later. 
Notice that the element modified is on the back side of the cube surface. If this area is 
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Table 3.1: Reduction in the radiated sound power at various ka values. 
ka Reduction in radiated sound power, dB 
0.5 0.04 
1.0 0.12 
1.5 0.43 
2.0 0.77 
compared to Fig. 3.3, it is apparent that the element chosen is centered over an area of large 
positive phase velocity. The new gray color indicates that the modified velocity is very near 
the constraint boundary of zero over this element. Since the cube was discretized into 216 
elements, each quarter of a side of the cube was discretized into nine boundary elements. 
Because the initial velocity pattern was the 2-2 mode, reducing the velocity to nearly zero on 
the middle element results in the entire quarter-side of the cube having nearly zero velocity. 
In the second study, the ten most sensitive elements, selected individually, were 
identified for the same initial velocity pattern shown in Fig. 3.3. Then, velocity constrained 
optimization was performed using all combinations of the ten elements. The purpose of the 
experiment is to determine if several areas can be modified, is it appropriate to modify all of 
the areas to minimize the radiated sound power. The combinations resulting in the largest 
reduction in radiated sound power were identified for cubes radiating at ka values of 1.0 and 
2.0. 
The modified velocity pattern with the greatest reduction in the radiated sound power 
for a ka value of 1.0 is shown in Fig. 3.6. With the modified velocity pattern the radiated 
sound power was reduced by 0.87 dB. Of a possible ten elements, modifying only four 
elements, or 1.85% of the total cube surface area, produced the greatest reduction in radiated 
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Figure 3.5: Resulting velocity pattern for most sensitive element velocity variation, 
ka= 1.0. 
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sound power. The ten best solutions are shown in Table 3.2 for ka = 1.0. Notice that the same 
elements are chosen in most of the ten best solutions, with some of the other elements being 
chosen occasionally. Also, there is not a great deal of difference between the reductions 
achieved. This implies that if the best solution is impractical to implement for some reason, 
there are other options that are nearly as effective. The element numbers in the table are 
specific to the BEM code used in this research; but the point is how many elements are 
chosen. 
The fact that only four of the possible ten areas were modified in the best solution 
shown in Table 3.2 indicates that reducing the vibration over the maximum allowable area 
Table 3.2; Ten best solutions for the first study performed at ka = 1.0. 
Elements chosen out of any ten possible Reduction, dB 
206,80,188,48 0.87 
116,80,188,48 0.72 
98, 80,188,48 0.70 
47,206, 80,188 0.69 
80,115,188,48 0.68 
47, 80,115,188 0.67 
116, 80,115,188 0.56 
116,47,80,115,188 0.53 
116,80,188 0.51 
206,80,115,188,48 0.50 
does not always result in the most reduction in radiated sound power if the amount of structure 
surface area that can be modified is limited. 
Areas of positive phase were modified on the front and right side of the cube, while 
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Figure 3.6: Resulting velocity pattern for best combination of ten most sensitive element 
velocity variation, ka = 1.0. 
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areas of negative phase were reduced on the bottom and right side of the cube. Note that the 
areas of positive velocity phase on the front and right side of the cube are reduced to values 
near the constraint boundary, while the areas of negative velocity phase on the bottom and 
right side of the cube are reduced, but to values significantly above the constraint boundary of 
zero. This indicates that the velocity is not always reduced to the constraint boundary 
everywhere the velocity pattern is modified. 
The modified velocity pattern resulting in the largest reduction in the radiated sound 
power for the case where the cube was radiating with a ka value of 2.0 is shown in Fig. 3.7. A 
reduction in radiated sound power of 4.77 dB was achieved. Only six of the ten possible 
elements, or 2.77% of the total structural surface area, were modified in this case. Areas on all 
six sides of the cube were modified. All of the areas modified had the same phase in the 
original velocity pattern. Only the area on the back side of the cube was not reduced to the 
constraint boundary, though the result is very near it. Once again, because only six of a 
possible ten elements were modified, it is concluded that maximum reduction in vibration did 
not result in maximum reduction in sound power radiated by the cube. 
A general trend noted in the previous two examples is that cubes radiating at higher 
values of ka will require more of the possible elements to be modified in order to achieve the 
optimal reduction in sound power. Table 3.3 shows that this trend was supported by more of 
these same type of experiments performed for various values of ka on cubes with several 
different initial velocity pattems. It was also consistently observed that at higher values of ka 
only areas of the same phase are modified. 
This phenomena can best be explained by comparing Figures 3.8 and 3.9. In Figure 
3.8, the real part of the elements of a [B] matrix for a cube radiating at a ka value of 1.0 and 
discretized into twenty-four boundary elements. The elements of [B] are plotted as a function 
of kd, where k is the acoustic wavenumber and d is the distance between nodes. For instance, 
for element B5 9, d is the distance between nodes five and nine. Figure 3.9 shows the same 
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Figure 3.7: Resulting velocity pattern for best combination of ten most sensitive element 
velocity variation, ka = 2.0. 
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Table 3.3: Multiple element results for cubes radiating with various mode shapes at various 
values of ka. A maximum of ten elements were allowed to vary. The number of 
elements varied for the optimal solution is given 
Velocity pattern ka # of Elements Reduction, dB 
2-2 Mode 1.0 4 0.9 
2-2 Mode 1.5 7 2.1 
2-2 Mode 2.0 8 4.5 
2-3 Mode 1.5 9 2.9 
2-3 Mode 2.0 8 3.2 
3-3 Mode 1.0 7 1.7 
3-3 Mode 1.5 8 3.3 
3-3 Mode 2.0 10 5.3 
0 0.5 1 1.5 2 
kd 
Figure 3.8: Scatter plot of elements of a [B] matrix for a cube radiating at ka=1.0 and 
discretized into twenty-four boundary elements as a function of kd. 
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Figure 3.9: Scatter plot of elements of a [B] matrix for a cube radiating at ka=5.0 and 
discretized into twenty-four boundary elements as a function of kd. 
information for the same sized cube with the same number of boundary elements as Figure 
3.8, only this time the cube is radiating at ka = 5.0 to emphasize the effect of increased ka. 
An element of the [B] matrix, for instance B5 9, relates how much power is radiated at 
boundary element node number five due to a unit of normal velocity at node number nine. 
Thus, the quantity is closely related to the impedance between these two nodes, only with the 
geometry of the structure taken into account'*^. 
This relationship is exactly analogous to the acoustic coupling between two radiating 
monopoles. Two monopoles placed close together and radiating 180 degrees out of phase are 
called a dipole. If the vibration of one of the monopoles is reduced to zero, the amount of 
power radiated by the other monopole is greatly increased. The two sources would have a very 
high [B] matrix value relating their effect on each other. The two monopoles are said to have a 
strong acoustic coupling between the them and are considered to be acoustically close. 
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By contrast, two monopoles which are farther apart radiate more independently. If the 
velocity of vibration of one of the monopoles is greatly changed, the power radiated by the 
other source is affected very little. These two monopoles would have a small [B] matrix value 
relating them. Also, they are said to have a small amount of acoustic coupling and are 
acoustically far away from each other. This is similar to the behavior noted in Table 3.1. 
The box radiating at ka = 5.0 in Figure 3.9 has a large number of nodes that are 
acoustically far away from each other. That is, there are many elements of [B] with kd values 
greater than the value of kd where the [B] matrix values first become less than zero, at about 
kd = 1.25. Also, the [B] matrix values with kd larger than 1.25 in Figure 3.9 tend to be quite a 
bit smaller than those with kd less than 1.25. On the other hand, in Figure 3.8 almost all of the 
nodes are acoustically close together for the box radiating at ka = 1.0, and a large number of 
nodes are highly coupled together. Therefore, at higher ka there are more nodes on the box 
which have very little coupling and are acoustically far away from each other. This results in 
more areas being chosen as well as larger reductions in the sound power for optimal solutions 
calculated for a structure radiating at higher values of ka when only a limited area of the 
vibration pattern is changed. 
3.8 Conclusions 
Several important conclusions were reached as a result of the work done for this paper. 
First, it was shown that it is possible to achieve large reductions in the radiated sound power 
for a cubic structure while modifying only a small percentage of the total surface area of the 
structure. For example, reductions of over 4.77 dB were achieved by modifying the normal 
surface velocity over 2.77% of the total structure surface area. In this case a maximum of 
4.62% of the total structure surface area was allowed to be modified. Not only do these 
possible reductions exist, an effective method of determining the optimal sizes and amounts of 
velocity reductions to attain the minimum sound power was developed in this work. 
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Also, given a maximum allowable modification of the structure's vibration, the 
greatest possible structural modification does not always result in the greatest reduction of the 
radiated sound power. In one instance, the maximum reduction in sound power occurred while 
less than half of the possible surface velocity was modified. In another, the percentage of area 
modified which achieved maximum reduction was only about three fifths of the total possible. 
Increasing the size of this area further resulted in significantly lower reductions compared to 
the optimal solution. It was observed that in general, more surface velocity modification is 
needed to obtain a given amount of power reduction for structures radiating at higher values 
of ka than those radiating at lower ka. This is a result of the fact that more areas are 
acoustically far away from each other at higher ka, thus allowing more areas to be reduced 
because they do not significantly couple acoustically with each other. 
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STRUCTURAL REACTIVE SHEARING INENTSITY MEASUREMENTS 
A paper to be submitted to the Journal of the 
Acoustical Society of America 
Daniel H. Kruger, J. Adin Mann HI, and Ted Weigandt 
ABSTRACT 
The use of structural reactive shearing intensity to place small patches of constrained 
layer damping material in order to achieve the largest reduction in the radiated sound power of 
a cubic structure is described. The normal surface velocity of a square plate was measured 
using a laser vibrometer. The plate was measured with no damping and with various damping 
configurations. Reactive structural intensity was calculated for the undamped plate for 
velocity distributions at resonance frequencies of the first and third modes of the plate. A cube 
was simulated by placing various measured plate velocity distributions at these same two 
frequencies on one side of the cube while leaving the remaining five sides rigid. The sound 
power radiated by the cubic structure as a function of normal surface velocity was written 
using the boundary element method. Experimental results indicated that patches of 
constrained layer damping material placed over areas of high reactive structural intensity 
reduced the radiated sound power significantly more than patches of the same area placed 
over areas of low reactive structural intensity. Reductions as high as 10.25 dB were achieved 
for patches comprising only 1.1 percent of the total area of the cube by varying the number, 
size, shape and placement of constrained layer damping patches to correspond to areas where 
the structural reactive intensity magnitude was high. 
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4.1 Introduction 
Reducing the sound radiated by structures with outer surfaces consisting mainly of 
thin metal sheets or plates is of great interest to many working in structural acoustics. 
Examples of such structures are washing machines, refrigerators, or even a car body. 
Typically the existing structure has been designed for performance specifications other than 
low noise levels and cannot be dramatically redesigned. Active control solutions are often 
costly and hard to incorporate into the manufacturing process of existing designs. A passive 
solution that could be added to existing structures, either before or after manufacture, is 
extremely desirable. 
Applying small patches of constrained layer damping material to an existing structure, 
placed using reactive shearing structural intensity, can significantly alter the vibration of that 
structure. Specifically, Spalding and Mann showed that reactive shearing structural intensity 
could be used to place constrained layer damping patches in order to achieve global or local 
changes in normal surface velocity of a plate. It is the main goal of this research to show 
that the ideas of Spalding and Mann concerning reactive shearing structural intensity can be 
extended to place constrained layer damping patches on a plate in such a way as to 
significantly reduce the radiated sound power from a vibrating structure. 
This paper begins with a brief summary of the methods used to calculate reactive 
shearing structural intensity. Then the experimental procedure for measuring normal surface 
velocity of a plate with clamped boundary conditions using a laser velocimeter is presented. 
Next, four experiments involving various configurations of constrained layer damping patches 
placed on the plate and measured using the experimental procedure presented are described. A 
velocity pattern for a cube is constructed by placing the plate velocity on one side of the cube 
and a velocity of zero on the other five sides. The sound power radiated by the cubic structure 
is calculated as a quadratic function of the normal surface velocity assembled from the plate 
velocity using the boundary element method (BEM).^ Results of the four experiments are 
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used to explore the reductions in calculated radiated sound power for a cube. Finally, 
conclusions describing the reactive shearing structural intensity as an effective tool for placing 
small patches of constrained layer damping material are made. 
4.2 Structural Intensity 
The equations for structural intensity and their development are well documented in 
the literature.^'^ So are the methods for signal processing and filtering required to effectively 
implement the structural intensity equations on the computer.^In this research, Pavic's 
equations were used.^'^ For a plate lying in the x-y plane, the structural intensity in the x-
direction is written as 
r 
^ 2 f ^ Vi-w* 1 - (1 - V) X f Aw* 1 + f^ 
2 
h 
3>' 
.3 
d w 
w 
dx dx dy /  
(4.1) 
The structural intensity in the y-direction is written as 
/ y 2 
r  r  2 2 ^ 
9 w , ,.d w 
2 2 
.  dx dx^dyJ 
, (4.2) 
where * denotes complex conjugate, w is the normal displacement of the plate surface, v is 
3 2 Poisson's ration for the plate, denotes a time derivative, and D = Eh / 1 2 ( l - v  ) ,  w h e r e  
h is the plate thickness and E is Young's modulus. 
Structural intensity in either direction can be split into three parts, bending, twisting, 
and shearing, each corresponding to a wave type propagating through the plate.^ For example, 
structural intensity in the y-direction, shown in Eq. 4.2, can be split into these three parts as: 
X, bending 
D 
" 2  
2 ^ 
8 w 3 w 
a/ dx^J 
(4.3) 
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(4.5) 
In all five equations, the structural intensity is written as a complex quantity. The real part 
of intensity is called the active intensity and corresponds directly to power flow through the 
plate. The imaginary part is called the reactive intensity, and does not have a direct physical 
counterpart like the active intensity. However, the reactive intensity can be shown in special 
of constrained layer damping material to achieve large reductions in radiated sound power. 
4.3 Experimental Procedure 
The normal velocity of a thin square aluminum plate with clamped boundary 
conditions on all four sides was measured using a laser velocimeter. Clamped boundary 
conditions were enforced by a steel frame with 2.54 cm by 5.08 cm thick rectangular bars on 
either side of the plate around all of the edges of the plate. All experiments were performed 
without altering the frame. The square plate measured 60.96 cm on a side inside the edges of 
the frame, and was 3.175 mm thick. A total of 1024 evenly spaced measurement points were 
used to sample the undamped plate for the purpose of calculating the reactive shearing 
structural intensity. For the purpose of calculating the radiated sound power for the cube, the 
undamped plate was measured again for a grid of 225 evenly spaced points. This grid was 
chosen so that measurement points corresponded to node points for a cube discretized into 
cases to relate to some simple physical ideas.^*^ Based on the work by Zhang^'^ and Spalding 
and Mann^ reactive shearing structural intensity will be used as a tool to place small patches 
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294 boundary elements. The 225 point measurement grid was also used to sample damped 
plates with the laser velocimeter. 
The plate was point driven by a shaker in the lower left hand comer of the plate, as 
shown in Figure 4.1. All constrained layer damping patches consisted of 3M Scotchdamp 
viscoelastic damping material number SJ 2015 type 1205 constrained by a 0.3 millimeter 
thick aluminum layer. Patches were applied to the back side of the plate. Patches were varied 
in number, size, and shape. 
• • • — 
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Figure 4.1: Experimental set up, shaker location and measurement grid for the square plate. 
The normal surface velocity was measured with a Polytec OFV 1102 laser vibrometer. 
The plate was excited by a B&K 4809 shaker attached to the plate with a 5 cm long stinger 
attached to a PCB 208 A02 force transducer. The signals from the force transducer and the 
laser vibrometer were amplified by an Ithaco 453 amplifier and filtered by Krohn-Hite model 
30 low pass elliptical filters with roll offs of 148 dB per octave. Each signal was amplified 20 
dB and low-pass filtered with a 500 Hz cutoff firequency. The signals were sampled at 2048 
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Hz by a Concurrent computer. The Fourier transform of each signal was calculated and the 
frequency response function was calculated at each frequency. Thus, the final data that was 
obtained was the velocity per unit input force at each measurement location. 
A total of four experiments were performed using the measurement procedures 
previously described. The undamped plate was measured first in each of the four experiments. 
Also, the same plate was used for all four experiments. Existing damping patches were easily 
removed by first pulling off the constraining layer, and then soaking the viscoelastic material 
with acetone. After about a half hour of soaking, the material could be easily wiped off the 
plate with a cloth soaked with acetone. The positioning of the patches will be described in the 
remainder of this section. The reasoning behind this positioning will be described in the 
results and discussion section. 
The first experiment involved a series of eight square constrained layer damping 
patches. The size of the first patch was, 5.08 cm by 5.08 cm, about 0.69 percent of the total 
plate area. For the other seven measurements, the size of the damping patch was uniformly 
increased by 0.69 percent of the total plate area while keeping the patch square, until a 
maximum of 5.56 percent of the total plate area was reached for measurement eight. Figure 
4.2 shows the position of the patches in this experiment. 
The second experiment a series of twenty-three rectangular patches of constrained 
layer damping material. Again, the first patch was 5.08 cm by 5.08 cm but was positioned 
differently, as shown in Figure 4.3. The length of each successive patch was increased by 2.54 
cm. The largest patch of the twenty-three measured was 5.08 cm by 60.96 cm, or 8.3 percent 
of the total plate area. 
In the third experiment, only two constrained layer damping patch configurations were 
measured in addition to the bare plate. The first configuration is shown in Figure 4.4. In this 
configuration, four identical arcs with inner radii of 3.8 cm and outer radii of 9.5 cm were 
applied in a circular arrangement centered on the plate. The second configuration consisted of 
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Figure 4.2: Measurement situation for the square (lamping patches. 
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Figure 4.3: Measurement situation for the rectangular damping patches. 
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four arcs identical to those in Figure 4.4, only this time they were placed with the smaller radii 
facing the comers of the plate instead of the centers. The patches were placed symmetrically 
with the center of the inner radii 10.8 cm away from the center of the plate in each direction in 
the plane of the plate. This arrangement can be seen in Figure 4.5. The arcs covered 6.4% of 
total plate area in both experiments. 
Figure 4.4: Measurement situation for the first configuration of four circular arcs. 
The fourth and final experiment consisted of four identical constrained layer damping 
patches arranged in two different, symmetrical configurations, shown in Figs. 4.6 and 4.7. In 
the first configuration, four square patches measuring 5.08 cm by 5.08 cm were applied to the 
plate symmetrically. These patches were placed with the edges 6.9 cm from the center lines of 
the plate and covered 2.8 percent of the total plate area, as shown in Figure 4.6. The outer 
edges were 12 cm from the center line in each direction. For the second configuration, the 
patches were moved symmetrically closer to the center line of the plate in one direction, as in 
Driver Point 
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Figure 4.5: Measurement situation for the second configuration of four circular arcs. 
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Figure 4.6: Measurement situation for the first configuration of four square patches. 
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Figure 4.7. The resulting distance to the outer edges from the center lines of the plate was 7.3 
cm and 12 cm. Five additional measurements were made for patches arranged as in the second 
configuration uniformly increased in size until a maximum patch size of 8.3 cm by 8.3 cm was 
reached. 
Figure 4.7: Measurement situation for the first configuration of four square patches. 
4.4 Results and Discussion 
In all four studies, the velocity patterns for a cubic structure were constructed by placing 
the velocity distributions from the square plate measurements on one side of the cube while 
leaving the other five sides rigid, as shown in Figure 4.8. This allows the cube to have any one 
of the damped square plate velocity distributions on the top side of the cube. A rigid velocity 
pattern was zero velocity at every node on a side of the cube. 
The velocity patterns at the frequency of resonance of the first and third modes of the 
plate were targeted for reduction in this research. The magnitude of the velocity of these 
7.3 cm —• 
Driver Point 
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Vibrating Plate 
With Damping Patch 
Rigid Plate 
Rigid Plate 
Figure 4.8: A cube assembled from one vibrating plate with various damping patches and five 
rigid plates. 
modes for the undamped plate are shown in Figures 4.9 and 4.10. The natural frequency of the 
first mode was 70.0 Hz and 217 Hz for the third mode. This gave values for the non-
dimensional wavenumber ka of 0.4 and 1.2. 
hi the first experiment, described in the previous section, the damping patches were 
placed over areas of high vibration in hopes of achieving reduction in radiated sound power. 
For the first mode, reductions were less than 0.1 dB until the three largest square patches were 
applied to the plate. The maximum reduction was 1.6 dB and occurred for the largest patch 
size. Thus, significant reductions in sound power only occurred for the three largest patches, 
even though all of the patches were over areas of large vibration. 
For the third mode, reductions of about 2 dB were achieved for the small patch sizes. 
The reduction jumped suddenly to 7.2 dB for a patch that was 11.4 cm by 11.4 cm, or 129 
square cm. However, reductions only increased to 8.2 dB when the patch size was increased to 
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Figure 4.9: Measured normal velocity magnitude of the first mode of the clamped plate. 
Figure 4.10: Measured normal velocity magnitude of the third mode of the clamped plate 
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14.4cm by 14.4 cm, or 206 square cm. As with mode one, significant reduction occurred only 
after a certain size patch was applied to the plate. After that, reduction only increased by about, 
1.0 dB when patch area was increased by 60 percent, even though all patches were over areas 
of large vibration. The data is plotted in Figure 4.11. 
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Figure 4.11: Reduction in radiated sound power of mode three as a function of square 
damping patch size. 
Since placing damping patches over areas of large vibration did not necessarily 
correspond to significant reductions in radiated sound power, it was concluded that the two 
vibration modes must have something else in common besides areas of high vibration. The 
literature indicated the strong relationship between reactive structural shearing intensity and 
alterations in plate vibration. Reactive structural shearing intensity was calculated for 
modes one and three of the undamped plate. The magnitude of intensity is shown in Figures 
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4.12 and 4.13, respectively. In the Figures, white indicates areas of the plate where reactive 
structural shearing intensity is high, and black indicating areas where it is low. Note that the 
areas of highest intensity for mode one occur in an annulus centered on the plate. On the other 
hand, reactive intensity is highest in four arcs near the center of the plate for mode three. The 
first mode also has some fairly large areas of reactive structural intensity near these arcs. 
Figure 4.12: Reactive shearing structural intensity for the first normal velocity mode of the 
plate vibration with no damping. 
The relationship between reactive structural shearing intensity becomes apparent 
when the areas of the damping patches applied to the plate are compared to the intensity plots. 
This comparison is made for the first mode in Figure 4.14. Note that only the three largest of 
the patches cover significant areas of the plate where reactive structural shearing intensity is 
large. These three patches that produced reductions in sound power of 0.6, 0.9, and 1.6 dB, 
respectively, for a cube with a mode one velocity pattern on its top side. 
Reactive structural shearing intensity for mode three and damping patch areas used in 
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Figure 4.13: Reactive shearing structural intensity for the third normal velocity mode of 
the plate with no damping. 
Figure 4.14: The undamped reactive shearing structural intensity of mode one superimposed 
with the square damping patches used in experiment one. 
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experiment one are compared in Figure 4.15. Again, the reductions in power are small, less 
than 2 dB, until the patches are large enough to cover areas that had a high reactive structural 
shearing intensity when the plate was undamped. Then, reductions suddenly increased to 7.2 
dB for the fifth largest patch size. This patch is represented by the dashed line in Figure 4.15. 
Figure 4.15: The undamped reactive shearing structural intensity of mode three superimposed 
with the square damping patches used in experiment one. 
Careful observation of Figure 4.15 shows that the increased area covered by patches six, 
seven and eight mostly includes areas of relatively lower reactive structural intensity. This 
increased area covered directly corresponded to a further reduction in radiated sound power of 
only 1 dB. 
Thus, after the first experiment, it was concluded that a strong link between areas of 
large reactive structural shearing intensity and which areas of the plate resulted in large 
reductions in radiated sound power when covered by patches of constrained layer damping 
material. 
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In experiment two, damping patches were placed as described in the previous section 
to see if this apparent correlation could be used to more effectively reduce the sound power 
radiated by mode one. 
Figure 4.16 shows a comparison between the damping patches used in experiment two 
and the reactive shearing structural intensity of mode one for the undamped plate. This time, 
as the patch sized increased in length until it reached the limit of where intensity values were 
high, power reductions increased to 2.44 dB. After that, reductions decreased slightly. The 
solid white lines in Figure 4.16 show the length of the damping patch that obtained 2.44 dB 
reduction in sound power radiated by the cube. The relationship between reduction in sound 
power radiated by mode one and damping patches used in experiment two is plotted in Figure 
4.17. The solid black line in Figure 4.17 indicates the reduction in radiated sound power 
corresponding to the patch marked with the solid white line in Figure 4.16 
Figure 4.16: The undamped reactive shearing structural intensity of mode one superimposed 
with the rectangular damping patches used in experiment two. 
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Figure 4.17; Reduction in radiated sound power of mode one as a function of rectangular 
damping patch size. 
Comparing experiment one to experiment two for mode one, reduction in radiated 
sound power reached a maximum of 1.6 dB for a square patch of constrained layer damping 
material that was 206 square cm in experiment one, and reached a maximum of 2.44 dB for a 
rectangular patch that was 5.1 cm by 30.5 cm and covered 61.0 square cm in experiment two. 
Once again in experiment two, reductions in power ceased to increase when additional area 
covered by larger patches no longer corresponded to areas where undamped reactive shearing 
structural intensity was large. 
The two damping configurations used in experiment three, and described in the 
previous section, were designed to more closely test the correlation between areas of the plate 
with high reactive shearing intensity and those which result in the highest reductions in the 
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radiated sound power when covered by constrained layer damping material. As shown in 
Figure 4.18, configuration one was designed to cover as much of the highest areas of reactive 
shearing for mode one. The damping material consisted of four identical arcs so that four 
additional identical patches could be used to cover the areas of high reactive shearing intensity 
for mode three in the second configuration. This configuration is shown in Figure 4.18. The 
Figure 4.18: The undamped reactive shearing structural intensity of mode one superimposed 
with circular arc damping patches used in experiment three, configuration one. 
two configurations covered identical 239 square cm areas. The hypothesis in experiment three 
is, that for identical patches, configuration one will result in more reduction in sound power 
than configuration two for mode one. At the same time, configuration two will result in more 
reduction in sound power than configuration one for mode three. A third part of the hypothesis 
is that configuration one will reduce power radiated for mode one and configuration two will 
reduce power radiated for mode three more than any patch in experiments one and two. 
Figure 4.19: Comparison of the reactive shearing structural intensity of mode three with the 
circular arc damping patches used in experiment three, configuration two. 
Configuration one reduced the radiated sound power by 4.47 dB for mode one, while 
configuration two resulted in a reduction of 4.17 dB. For mode three, configuration two 
resulted in a 10.25 dB reduction in the radiated sound power, while configuration one 
achieved a reduction of 9.02 dB. The 10.25 reduction was 2.05 dB more than that achieved by 
experiment one. Thus, all parts of the hypothesis were proven. Further, these large reductions 
were achieved by covering just 6.4 percent of the measured plate, or 1.1 percent of the total 
cube surface area. 
An unexpected result is that, though reductions conesponded to the three part 
hypothesis, the difference in the reduction for each patch placement was not as large as might 
have been expected. For instance, configuration one only exceeded configuration two by 0.3 
dB for mode one. Configuration two exceeded configuration one by a wider margin of 1.23 dB 
for mode three, but was still not as large a difference as might have been expected. 
Figures 4.20 and 4.21 help explain this result. Figure 4.20 shows damping 
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configuration two superimposed on the undamped reactive shearing intensity. The figure 
shows that configuration two also covers a large portion of the areas where reactive shearing 
intensity is large for mode one, although not as much as configuration one. Figure 4.21 shows 
damping configuration one superimposed on the undamped reactive shearing intensity for 
mode three. Configuration one also covers a large portion of the areas where reactive shearing 
intensity for mode three is high. After considering these two figures, it was apparent that the 
Figure 4.20: The undamped reactive shearing structural intensity of mode one superimposed 
with circular arc damping patches used in experiment three, configuration two. 
unintended high correlation between areas with large reactive shearing intensity and areas 
covered by damping resulted in reductions nearly as large as those where damping patches 
corresponded to configurations intended to correlate highly with structural reactive shearing 
intensity. 
The fourth and final experiment was designed to target mode three only. The first 
configuration used, and described in the previous section, was designed to cover areas of the 
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Figure 4.21: The undamped reactive shearing structural intensity of mode three superimposed 
with circular arc damping patches used in experiment three, configuration one. 
reactive shearing intensity of mode three which were close to, but relatively lower in value 
than areas were intensity was the highest. A comparison is shown in Figure 4.22. The second 
configuration was designed to cover areas of mode three with the highest structural reactive 
shearing intensity. A comparison is shown in Figure 4.23. Both configurations were 
symmetric, and covered just 103 square cm, or 0.46 percent of the total cube surface area. The 
hypothesis was that, based on the respective correlations of configuration one and 
configuration two to the undamped structural reactive shearing intensity of mode three, the 
power radiated by the cube with the damped velocity produced by the configuration in Figure 
4.23 on one side would be reduced more than a cube with the configuration In Figure 4.22. 
Also, it was hoped that, even though the total area was less than half of that used in 
experiment three, the difference in reduction would be greater than that for mode three 
achieved in experiment two. 
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Figure 4.22: The undamped reactive shearing structural intensity of mode three superimposed 
with the square damping patches used in experiment four, configuration one. 
Figure 4.23: The undamped reactive shearing structural intensity of mode three superimposed 
with the square damping patches used in experiment four, configuration two. 
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Configuration one produced a reduction in radiated sound power of 4.49 dB while 
configuration two achieved a 5.82 dB decrease. The difference in radiated power of the two 
configurations was 1.33 dB. Thus, both parts of the hypothesis of experiment four were 
fulfilled. However, the 1.33 dB difference in reduction only exceeded the 1.23 dB difference 
in reduction of experiment three by 0.1 dB. The 0.1 dB increase in performance of experiment 
four was achieved with only 103 square cm of constrained layer damping material while 
experiment three used 239 square cm. This is a reduction in the area covered by constrained 
layer damping patches of 56.9 percent from experiment three to experiment four. Thus, if 
placed properly, the small damping patches can exceed the performance of large damping 
patches. 
4.5 Conclusions 
Two important and useful conclusions were reached as a result of the work done for 
this research. First, it was shown that it is possible to achieve large reductions in the radiated 
sound power for a cubic structure while modifying only a small percentage of the total surface 
area of the structure with constrained layer damping material. In fact, a reduction of 5.82 dB 
in the radiated sound power of a cube with a velocity pattern consisting of a measured plate 
velocity on one side and the other five sides held rigid was achieved by damping just 0.46 
percent of the total surface area. A reduction of 10.25 dB was reached by damping 1.1 percent 
of the cubic structure's total surface area. 
Second, the structural reactive shearing intensity is an effective tool for choosing the 
shape, position and number of patches of constrained layer damping material in order to most 
effectively reduce the radiated sound power of a structure. The size, shape and number of 
patches should be chosen so that they cover areas of the highest structural reactive shearing 
intensity calculated for the undamped mode of interest. 
No general conclusions were made concerning the size of patches to be used in order 
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to maximize the reduction of the radiated sound power for a given damping consideration. 
Further work is currently being done to resolve this issue. 
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5. MINIMIZING THE SOUND POWER RADIATED BY A CUBIC STRUCTURE 
AS A FUNCTION OF THE SIZE OF CONSTRAINED LAYER DAMPING PATCHES 
A paper to be submitted to the Journal of the 
Acoustical Society of America 
Daniel H. Kruger and J. Adin Mann in 
Abstract 
In cases where a structure's excitation cannot be altered, the sound radiation from the 
structure must be minimized by modifying the structure within given design constraints. In 
our work we consider small modifications of an existing structure, rather than a complete 
design of complex material geometries and properties, or active control methods. Sound 
power radiated by a cubic structure as a function of normal surface velocity was written using 
the boundary element method.^ The normal surface velocity of a square plate was measured 
using a laser vibrometer. The plate was measured with no damping and with eight areas of 
constrained layer damping material. A cube was simulated by placing various combinations of 
measured plate velocity distributions on the sides of the cube. In this case, the BEM power 
function was minimized using a finite difference modification of the gradient method and by 
the method of simulated annealing. Sound power of the cube was reduced by as much as 8 dB 
while applying constrained layer damping material to only 0.93% of the cube's surface area 
when one side of the cube was vibrating. The sound power radiated by the cube was reduced 
by 7.8 dB by covering just 4.06 percent of the total surface area of the cube when all six sides 
of the cube were vibrating. 
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5.1 Introduction 
Reducing the sound radiated by structures with outer surfaces consisting mainly of 
thin metal sheets or plates is currently of great interest to many working in structural 
acoustics. Examples of such structures are washing machines, refrigerators, or even a car 
body. Much of the current work consists of implementing active control measures, or 
performing a major redesign of the shape or structural properties of the machine being 
studied.''^ The primary objective of this paper is to reduce sound radiated by structures 
through passive control measures that are added to an existing structure, l^pically the existing 
structure has been designed for performance specifications other than low noise levels and 
cannot be dramatically redesigned. A further objective is to show that significant reductions in 
the sound power radiated by such a structure can be achieved through the application of small 
patches of constrained layer damping material. Finally, it is a goal of this work to show that 
there is an optimal amount of constrained layer damping material that should be used within 
designated constraints. Specifically, once the radiated sound power is minimized within a 
specified maximum area of damping material, applying more damping than the optimal 
amount can actually cause the radiated sound power levels to increase above the minimum. 
In the work presented in this paper, the sound power radiated by a structure is written 
as a quadratic function of the normal surface velocity using the boundary element method 
(BEM).'-^ Next, two gradient methods for minimizing the radiated sound power as a function 
of one or more structural parameters are developed for the case where the dependence of 
normal surface velocity as a function of structural parameters is measured experimentally. 
Then, the method of simulated annealing and its use to optimize power where gradient 
methods failed to find the absolute radiated sound power minimum are described. 
Optimization with respect to measured structural parameters provides a suitable framework 
for future work where the dependence of normal surface velocity on structural parameters can 
be determined analytically. 
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Finally, the results of studies performed using the optimization techniques to minimize 
the radiated sound power of a cube are presented. The studies minimize the radiated sound 
power as a function of the area of a constrained layer damping patch placed inside the surface 
of a cubic structure. Velocity fields for this cube were constructed by assembling the measured 
surface velocity of a clamped thin square plate under various damping conditions. 
5.2. The Boundary Element Method 
All elements of the method for writing the sound power radiated by a structure in 
terms of its normal surface velocity via the Boundary Element Method have been covered 
extensively in previous papers. Thus, only a brief description of the BEM, and its 
adaptation to passive noise control methods will be presented. The main points of the gradient 
method are also documented extensively in the literature.^ Therefore, only the basic ideas and 
modifications made for the purpose of optimizing with respect to a structural pareuneter, such 
as constrained layer damping material, will be discussed. Modelling the effects of constrained 
layer damping is not addressed in this work. 
The basic procedure in the BEM is to divide the surface of a structure into individual 
boundary elements as shown in Fig. 1. In this research, the boundary elements consist of eight 
nodes each with quadratic shape functions. Once the structure's surface is discretized, the 
radiated sound power of the structure, W, can be written as a quadratic function of a column 
vector {V} which consists of the complex normal surface velocity at each node, 
W(V) = i{V }^[B ] {V },  (5-1) 
where H denotes the complex conjugate of the transpose and [B] is a matrix of coefficients. 
The calculation of [B] is fully covered by Cunefare and Koopman.^ 
The [B] matrix relates the normal velocity of the structure to the sound power radiated 
by the structure using information about the geometry of the structure, the frequency, and the 
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Figure 5.1: Pictorial diagram of a boundary element discretization for a cubic structure. 
three dimensional acoustic free space Green's function. The matrix of coefficients [B] is 
calculated from the BEM. 
Several characteristics of the [B] matrix are important to note. First of all, it is not a 
function of the surface velocity {V}. Further, [B] is not a function of the material of the 
vibrating structure. Thus, once a [B] matrix is calculated for a given stiuctural geometry, the 
sound power radiated for that structure can be calculated for any surface velocity placed on 
that stiiicture at a given frequency. This fact is used extensively in the optimization process. In 
reality, changes in the velocity pattern of a structure are the result of structural changes, such 
as variations in material or the application of damping and stiffening materials. Thus, the 
frequency of a given velocity pattern, such as a mode of the structure, can change. It has been 
verified experimentally that the same [B] matrix can be used for a stiiicture whose velocity 
pattern is being altered by some form of structural modification, as long as the frequency of 
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the velocity pattern does not vary by more than ten percent of the original value. This limit is 
chosen because changes in sound power that result from frequency changes of ten percent 
begin to exceed reductions in power resulting from altered velocity patterns. 
5.3. The Gradient Method 
The first step in the gradient method of optimization is to compute a direction of 
search vector, {P}j, which is calculated from the gradient of the sound power with respect to 
velocity in Eq. 5.1 
{P}^. = -([B]){V}^.. (5.2) 
where the subscript j denotes the iteration number. This vector points in the opposite direction 
of the gradient of the sound power (as a function of velocity), since the gradient always points 
toward changes in the velocity vector which will increase the value of the sound power. Then 
the power W is rewritten as a function of the direction of search vector and a step size 
parameter 0, 
^0. = W(iV}. + Q.{P}.). (5.3) 
The quantity©^, represents how far the velocity should be modified in the direction of search 
in order to change the value of sound power in the direction of a minimum. 
It is now desired to calculate the value of which minimizes the power function 
denoted in Eq. 5.3. Since the power as a function of velocity resulting from the BEM is 
quadratic, the value of Qj which minimizes Eq. 5.3 is found by taking the first derivative of 
that equation with respect to 0^. and setting it equal to zero, as shown below 
^ [ W { { V } .  +  Q . { P } . ) ]  = 0. (5.4) 
Then Eq. 5.4 is solved for 0^., and the new velocity and sound power are calculated. Both the 
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velocity and sound power are subject to constraints and convergence criteria that are described 
in the next sections. 
5.4 Structural Optimization 
When optimizing sound radiation with respect to physical structural parameters, it is 
necessary to compute the direction of search vector as a function of the structural parameter of 
interest. We have already presented an analytical expression for the sound power as a function 
of surface normal velocity in Eq 5.1. Initially we will assume that an analytical relationship 
for the velocity vector as a function of some set of structural parameters also exists.'* Further, 
these two functions can then be combined to form an equation for the sound power as a 
function of the set of structural parameters. Then, a direction of search vector for this power 
function can be written as a multiplication of the gradients of the two separate functions. 
M  ^ dW dV 
da. 
(5.5) 
where j is the iteration number and the aj represent a set of structural parameters. For example, 
a set aj could consist of parameters describing the location, size, and thickness of one or more 
damping patches added to the structural surface. The rest of the gradient method can then be 
carried out as previously described. 
In many cases, however, an analytic relationship between surface velocity and a set of 
structural parameters is not currently known. Application of small constrained layer damping 
patches is currently one of these cases. A future goal is to express this relationship 
analytically. Until then, we will use a method to determine the results of applying constrained 
layer damping material experimentally. Because of this, some modifications of the gradient 
method will be made next. 
The following optimization process was developed for the situation when the normal 
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velocity on the surface of the structure is only known at discrete values of the structural 
parameters that are to be modified. These velocities are obtained, for example, by performing 
a series of measurements as a set of structural parameters is varied. Once these measurements 
are completed, the derivative of velocity with respect to the structural parameters is 
approximated using a finite dil^erence relationship, 
r3V, _ + {V}k (5.6) 
aa,. ^ (Aa.)^ 
where the subscript k denotes the kth value of structural parameter aj, and the subscript i 
denotes the ith structural parameter in the set aj at which the surface normal velocity is known. 
The gradient of the radiated sound power with respect to the normal surface velocity is also 
needed at the same values of the velocity that are known for the discrete values of the 
structural parameters. This gradient, however, can be calculated exactly. 
The two vectors can be multiplied together to get a total derivative of radiated sound 
power with respect to change in structural parameter for each structural parameter via 
, d W ,  ^ r d V ,  
If the derivative of a particular structural parameter is negative, then it is reconunended that 
the size of the parameter be increased, otherwise no further modification is desired. Note that 
this method could be used for any structural parameter, and would not have to be done via the 
finite difference method if a continuous analytical expression existed for velocity as a function 
of the structural parameter of interest. 
The researchers noted that the method outlined above, now denoted as structural 
optimization method one (SOMl), easily halted for even very small local minima in the 
discrete function of power as a fimction of the structural parameters. To prevent this, structural 
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optimization method two (SOM2) was developed. In addition to calculating the quantities in 
Eqs. 5.5 through 5.7, a second velocity gradient is calculated between values two points apart, 
+ (5.9) 
aa,. ^ 2 da  ^
Then a value of {BW/3a,} ^ 2 calculated similar to Eq. 5.8 for each structural parameter 
varied and is compared to the result of SOMl. S0M2 increments the size of the structural 
parameter by one step if the result of Eq. 5.8 is the most negative derivative. If the result of 
Eq. 5.8 indicates that the size of the structural parameter currentiy represents a local minima 
for sound power, S0M2 checks ahead two points to see if that derivative is negative. If so, 
S0M2 increases the size of the structural parameter by two discrete values. If both derivatives 
are positive, it is assumed that the method has reached a significant minima in the value of 
sound power with respect to that structural parameter. 
5.5 A Heuristic Explanation of Simulated Annealing 
If structurally radiated sound power is minimized with respect to more than one 
structural parameter at a time, gradient methods quickly prove to be inadequate. These 
inadequacies are highlighted in Section 5.7.3. Combinatorial optimization methods, on the 
other hand, are particularly suited for minimizing a function of many parameters which are 
allowed to vary simultaneously.^ Of all the methods of combinatorial optimization available, 
simulated annealing was chosen because of its ability to avoid small local minima en route to 
a global minimum. 
The optimization method of simulated annealing is analogous to the behavior of 
interacting atoms in a metallic solid in thermal equilibrium at temperature T.^ When T is high 
enough for the metal to be a liquid, atoms in the solid have a random arrangement and a 
higher energy level, W. As T is reduced, the atoms become more ordered and the energy of the 
solid is generally reduced. However, W occasionally increases in a cooling metal in nature.^ 
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The rate at which energy may occasionally be allowed to increase is estimated by the 
Boltzmann probability function 
Prob = exp(-DW^/fer ) (5.10) 
where DW is the energy change, k is Boltzmann's constant, and T is the current temperature,^ 
Thus, as T is reduced, the probability that a higher energy level, W, will be achieved is 
reduced, just as in nature. If the material is allowed to cool slowly enough, the atoms 
comprising it form a very ordered crystalline solid with a minimum energy state. This is 
nearly exacUy what is done in the annealing process for manufactured alloys. If the cooling 
occurs too quickly, flaws in the ordering of the atoms occur, resulting in a slightly higher final 
energy state and a weakened metallic solid, and the process is called quenching. 
The steps for extending this analogy to an algorithm for the minimization of the sound 
power radiated by a structure as a function of several structural parameters is outlined in Fig. 
52? In the algorithm, the temperature T and Boltzmann constant k are combined in to one 
temperature parameter which will be called P. The parameter P is analogous to the 
temperature of the metallic solid in the annealing process. Similarly, the radiated power of the 
structure is analogous to the energy level sustained in the metal at a given temperature.The 
process assumes that, occasionally, the structure must be allowed to radiate at a higher power 
level in order to find the set of values which the structural parameters varied must assume in 
order for the minimum radiated power value to be found. This is analogous to the higher 
energy state allowed from time to time in the annealing process. 
At the start of the algorithm, the structure has an initial temperature Pq and an initial 
radiated power Wq. Selection of Pq for practical power minimization situations will be 
discussed later in section 5.8. Then, a new value of radiated power, Wj +1, is calculated for the 
structure by some random process, also discussed in section 5.8. 
90 
START, PO. WO 
I 
CALCULATE WJ+I 
1 
DWJ = WJ + I -WJ 
ACCEPT WITH 
PROBABILITY 
Prob = exp(-DW/P) 
NO ^ 
DWj<0? 
ACCEPT 
• 
TYES 
UPDATE Wj = Wj^.iWBest 
REJECT THERMAL 
EQUILIBRIUM? 
NO CONVERGENCE? 
YES 
STOP 
REDUCEP 
Figure 5.2: Flowchart of optimization by simulated annealing. 
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The next step is to compare Wj + ^ to the previous power value radiated by the 
structure, Wj, by calculating DWj. If it is the first iteration, then J = 0 and Wj is WQ. If DWj is 
less than zero, Wj+j is automatically accepted as the new power level. If it is lower than any 
power value so far, Wgest is also updated. But, on the other hand, if DWj is greater than zero, 
the higher power Wj+j can still be accepted if the Boltzmann probability function of the value 
of DWJ is within a certain problem dependent range. Typically, this range is chosen so that the 
probability of a non-improving solution is high at the start and is drastically reduced near the 
end of the annealing process when P is low. 
After a new candidate Wj+j is either accepted or rejected, based on the two criteria 
described in the previous paragraph, the algorithm checks to see if thermal equilibrium is 
reached. This step is essential to reduce the probability that non-improving power values will 
be accepted in future iterations. After equilibrium is achieved by one of two criteria, the 
temperature parameter P is reduced. The first equilibrium condition is if a certain number, say 
ten, of improved (lower) values of Wj+i have been successively accepted. In this case, the 
system must be allowed to cool since the system must have started at values of the design 
parameters where the radiated power (energy level) was quite large compared to the rest of the 
design space. The counter for acceptances is then reset to zero. The second equilibrium 
criterion is if an arbitrary number, say thirty, of non-improving Wj+i candidates have been 
rejected. The system needs to cool, though very slowly, because a large number of rejections 
indicates that the structure is nearing its lowest possible radiated power value. The counter for 
rejections is then reset to zero. 
Once the structure has reached equilibrium and been allowed to cool, the last step is to 
check to see if the convergence criteria for the radiated sound power have been reached. The 
first criterion for convergence is whether or not Wgesj is below a specified value, The 
second criterion is whether or not P is below a specified value, P^in- Selection of these values 
is discussed in Section 5.8. If both criteria are met, the process is obviously ended. If neither 
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criterion is met, a no value is returned from the decision box, the algorithm heads back to the 
top, J is incremented by one, and the whole process is begun again. If the W criterion is met 
but the P criterion is not, a no value is also returned in the hope that additional reduction over 
the amount hoped for will be achieved before the temperature parameter P is cooled below 
^Min- the P criterion is met, the algorithm is always considered to have converged, since it is 
very unlikely that further reduction in power will occur if the system has been allowed to cool 
slowly enough. Selection of appropriate cooling rates will be discussed in Section 5.8. 
5.6. Measuring the Surface Normal Velocity 
Several structural optimization studies were performed involving the application of 
constrained layer damping material. All of the studies were carried out using data from a 
series of nine experimental measurements. In all nine of these measurements, the normal 
velocity of a thin square aluminum plate with clamped boundary conditions on all four sides 
was measured using a laser velocimeter. The square plate measured 60.96 cm on a side, and 
was 3.175 mm thick. A total of 225 evenly spaced measurement points was used to sample the 
plate. This grid was chosen so that measurement points corresponded to the nodes for a plate 
discretized into 49 boundary elements. 
The first of the nine measurements was performed with an undamped plate. The plate 
was point driven by a shaker in the lower left hand comer of the plate, as shown in Fig. 5.3. In 
the second measurement, a constrained layer damping patch consisting of 3M Scotchdamp 
viscoelaslic damping material number SJ 2015 type 1205 constrained by a 0.3 millimeter 
thick aluminum layer was applied to the back side of the plate. The size of this patch was, 5.08 
cm by 5.08 cm, about 0.69 percent of the total plate area. Figure 5.3 shows the location of the 
damping patch, in the lower right comer of the plate, centered 21.6 cm from the closest sides. 
For measurements three through nine, the size of the damping patch was uniformly increased 
by 0.69 percent of the total plate area while keeping the patch square, until a maximum of 
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Figure 5.3: Pictorial diagram of experimental clamped plate measurement situation. 
5.56 percent of the plate area was covered for measurement nine. 
The normal surface velocity was measured with a Polytec OFV 1102 laser vibrometer. 
The plate was excited by a B&K 4809 shaker attached to the plate through a PCB 208 A02 
force transducer. The signals from the force transducer and the laser vibrometer were 
amplified by an Ithaco 453 amplifier and filtered by Krohn-Hite model 30 low pass elliptical 
filter(148 dB per octave rolloff). The signals were sampled at 2048 Hz by a Concurrent 
computer. The Fourier transform of each signal was calculated and the frequency response 
function was calculated at each frequency. Thus, the final data that was obtained was the 
velocity per unit input force at each measurement location. 
5.7 Velocity Distributions on the Cube 
In the first three studies, the velocity patterns for a cubic structure were constructed by 
assembling six of the velocity distributions from the square plate measurements, one for each 
side of the cube, as shown in Fig. 5.4. This allows the cube to have any one of the nine square 
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plate velocity distributions on a particular side of the cube. A tenth possible velocity pattern 
was zero velocity at every node to allow any side of the cube to remain rigid. This cube does 
not exactly model a real cube, because the vibrational coupling between the sides of the box is 
ignored. However, this structure is only used for the purpose of evaluating and demonstrating 
the optimization procedures developed in this work. Application of the techniques to real 
structures with vibration coupling will proceed exactly as described in this paper. 
Figure 5.4: Pictorial diagram of cubic velocity pattern construction from individual plate 
measurements. 
Recall from Section 5.2 that a given [B] matrix is only good for a particular value of 
frequency. Thus, it was necessary assemble velocity patterns from the plate measurements at a 
specific frequency in order to form velocity distributions for a cube that could be utilized by 
the BEM dependent structural optimization codes described in Sections 5.4 and 5.5. The 
frequency of each mode changed less than one percent with the application of damping 
material, so it was only necessary to calculate one [B] matrix for each mode. 
Figure 5.5 shows the magnitude of the measured velocity per unit force measured via 
the frequency response function for the third vibration mode of the undamped square plate. 
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Figure 5.5; First measured plate mode shape, magnitude of velocity per unit force 
frequency response function is displayed. 
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Damped and undamped plate mode shapes occurring at ka = 1.2 for mode three were used in 
the experiments carried out for this paper for two reasons. First, large reductions in sound 
power were calculated from the mode three velocity patterns for certain damping patch sizes. 
Second, plots of the discrete power values calculated from the mode three velocity patterns 
indicated both local and absolute minima that would adequately test the effectiveness of the 
optimization techniques. 
S.8 Simulated Annealing Implementation 
To implement simulated annealing, a computer code was written to perform simulated 
annealing in the manner described earlier and diagramed in Fig. 5.2. One of the main features 
of the program, other than those described in Fig. 5.2, was the ability for the user to input the 
Wo,WMi„.Po. and PMin parameters. Also, the program lets the user select how many sides of 
the cubic structure on which the size of a constrained layer damping patch will be allowed to 
vary, as well as a cooling rate for the annealing process, called DP. Then the program allows 
the user to designate the initial size of the damping patch on each of the sides allowed to vary. 
The algorithm was not allowed to select damping patch sizes outside the measured range. The 
program assumes undamped velocity for the sides not allowed to vary. Finally, the program 
allows the user to select the probability of a non-improving solution by entering a minimum 
value of the Boltzmann probability function in Eq. 5.10. The name of this parameter is 
Probmin. All damping solutions corresponding to values of Probmin that are less than the 
minimum value are rejected by the algorithm. 
As soon as all of the parameters are entered, the program utiUzes a random number 
generator that achieves a random number between zero and one by using the internal clock of 
the computer and three linear congruential generators in series to generate a number between 
zero and one.® Based on the value of the random number, the program chooses which of the 
sides allowed to vary will be changed for the calculation of the next function value. Then, 
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another random number is chosen; and the program decides how much to increase or decrease 
the size of the damping patch on the side of the cube allowed to vary. Next, the program curve 
fits the nine measured velocity patterns as a function of damping patch area so that power for 
patch sizes other than those measured can be calculated. Finally, a velocity pattern is 
calculated for each of the sides allowed to vary, all six sides of the cube are assembled into 
one velocity pattern, and a new power value is calculated for the annealing algorithm using 
the boundary element method. 
Selecting appropriate values of WQ, PQ, PMin» Probmin, and DP is essential for 
the simulated annealing algorithm to converge. The parameter Wq is the easiest because it is 
just the initial amount of sound power radiated by a structure before any modifications have 
been made. Then, is determined by the amount of reduction desired. Specifically, if 5 
dB of reduction is desired, then is set to be 5 dB smaller than WQ. 
There are many ways of choosing the parameter Pq and each is dependent on the 
specific problem simulated annealing is being applied to. In this work, Pq was set to be about 
ten percent greater than Wq to allow the algorithm to occasionally accept slightly higher 
solutions for radiated power than the initial value Wq at the start of the optimization. Then, 
PMin was chosen in the same fashion as W^in-
Choosing a successful cooling rate, DP, can prove rather tricky in practice. If function 
evaluations are expensive or time consuming, a faster cooling rate is needed to reduce the 
number of evaluations performed. If the number of evaluations is less of a concern, a slower 
cooling rate is more likely to result in the lowest possible radiated sound power. 
The choice of the Probmin parameter is the least definite of all the parameters 
mentioned. In general, it is desired that the simulated annealing algorithm have a high 
probability of accepting a higher value of radiated sound power when the temperature 
parameter P is still high and to have a low probability when P is nearly completely cooled. For 
results presented in this work, a value of 0.98 was used as the minimum accepted value 
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calculated by the Boltzmann probability equation in the algorithm. This number was arrived at 
as a result of trial and error. It was found that the algorithm took an unnecessarily high number 
of function evaluations to converge when the process was nearly cooled if Probmin was about 
ten percent lower. Also, the algorithm got stuck in a local minimum too quickly if the value 
was more than 1.5 percent higher. 
5.9 Results and Discussion 
5.9.1 Study One 
In the first structural optimization study, five sides of the cube were held rigid, while 
the velocity was allowed to vary on only one side of the cube. The change in sound power 
radiated by the cube as a function of the percentage of the area of the one side of the box 
covered by damping is shown in Fig. 5.6. The radiated sound power was calculated for Fig. 
5.6 at each of the values of damping for which data is available in order to demonstrate the 
performance of the structural optimization methods. Typically this curve would not be known 
as the optimization is performed. 
Note that the largest change in power occurred at about 3% of the surface area in Fig. 
5.6. Structural optimization method one (SOMl) converged at the point with a square around 
it in Fig. 5.6. This point corresponds to a reduction in power of 7.25 dB with a damping patch 
size of 4.17% of the surface area. S0M2 converged at the point with a triangle around it in 
Fig. 5.6. S0M2 converged at the constraint boundary. A reduction in radiated sound power of 
8.63 dB was obtained while using the maximum possible amount of damping material on one 
side of the cube. 
5.9.2 Study Two 
For the second structural optimization study, the undamped plate velocity was initially 
placed on all six sides of the cube. Again, the size of the damping patch, and thus the velocity 
pattern, on one side of the cube was allowed to vary. Figure 5.7 shows the change in sound 
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power radiated as a function of the percentage of plate area covered by constrained layer 
damping material. This time, SOMl converged at a power reduction of 0.68 dB for a damping 
patch area of about 1.39% of the total area of the top side of the cube, denoted by the point 
with a square around it in Fig. 5.7. In this experiment, S0M2 converged at a power reduction 
of 7.32 dB for a damping patch size of 3.47% of the total area, which was the absolute power 
minimum for this experiment. Note that neither method converged at the constraint boundary 
in this case, but SOMl missed the most significant reduction. 
Once again, the largest change in sound power occurred at about 3%, shown in Fig. 
5.7. Figure 5.6 shows that further increases in the damping patch area resulted in further slight 
reductions in radiated sound power in the previous experiment. Conversely, Fig. 5.7 shows 
that the radiated sound power increases sharply from the minimum value if the damping patch 
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Change in radiated sound power of a cube with five sides rigid as a function 
of the size of the constrained layer damping patch on the top side. The square 
indicates where SOMl converged while the triangle indicates where S0M2 
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Figure 5.7: Change in radiated sound power of a cube with five sides having undamped 
plate velocity as a function of the size of the constrained layer damping 
patch on the top side.The square indicates where SOMl converged while 
the triangle indicates where S0M2 converged. 
area is increased beyond 3.47 percent. 
Figures 5.8a-d show the magnitude of measured velocity per unit force for the 
undamped plate and three damping patch sizes. Note that the velocity magnitude is reduced as 
the damping patch area is increased for the plate. Thus, in the first experiment, power is 
reduced to a minimum as the surface velocity amplitude is decreased, while in the second 
experiment power begins to increase sharply above the minimum value as velocity is further 
decreased. These results indicate that the acoustic coupling between vibrating areas of the 
structure can have a significant influence on the reduction of sound radiation. Therefore care 
must be used when damping material is applied to only a limited area of a complex structure. 
5.9.3. Study Three 
In the third study, the undamped plate velocity was again used as the initial velocity 
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Figure 5.8c: Measured mode 3 magnitude of frequency response function with 3.47% of 
the plate covered by constrained layer damping material, ka = 1.2. 
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Figure 5.8d: Measured mode 3 magnitude of frequency response function with 5.56% of 
the plate (the maximum amount allowed) covered by constrained layer 
damping material, ka = 1.2. 
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pattern on all six sides of the plate. This time, the damping patch size was allowed to vary 
independently on two sides of the cube. The reduction of radiated sound power as a function 
of the percentage of the area of each side covered by the constrained layer damping patch is 
shown in Figure 5.9. Positive values indicate a power reduction. The existence of several 
peaks in Figure 5.9 indicate that a few local minima exist within the constraint boundary when 
the velocity is varied on two sides of the cube. Note that the absolute minimum within the 
constraint boundary (the highest peak) occurs on the boundary of maximum area for both 
damping patches. This value corresponds to a reduction of 2.12 dB in sound power for equal 
damping patch sizes of 5.56% of the plate area on both sides of the cube. SOMl was not used 
because it had difficulty bypassing local minima in studies one and two. SOM2 located a 
significant reduction in power of 1.86 dB. This reduction resulted from damping patches of 
1.39% of the total area on the top of the cube and 3.47% on the front of the cube. Neither 
method found the absolute minimum in this experiment. 
At this point it is clear that gradient methods of optimization are not capable of 
reliably finding the minimum sound radiation for applying damping patches to a vibrating 
structure because the functional dependence is complex. These results motivated the 
investigation of the simulated annealing optimization technique. 
5.9.4 Study Four 
In the fourth study, the method of simulated annealing was used to optimize the sound 
power radiated by the cube as a function of the area of constrained layer damping patches on 
two sides of the cube. Once again, the other four sides of the cube vibrated with the undamped 
plate velocity. In the first part of the study, the simulated annealing program was run five times 
with the same initial conditions. The parameter W^inwas set 2.0 dB lower than Wq in all five 
cases. The cooling rate DP was set so that the algorithm had to cool at least five times for 
Wnjin to be reached. The results are shown in Table 5.1. The parameters dl and d2 in Table 5.1 
refer to the area of the square damping patches on the two sides of the cube in square cm. 
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Figure 5.9: Reduction in sound power radiated by a cube with four sides having 
undamped plate velocity and various sizes of damping patch on the top and 
front sides as a function of the percentage of the plate area covered by 
constrained layer damping material on the top and front sides. 
107 
Table 5.1: Results of study four. 
CASE 
START FINISH 
N Reduction 
dl, sq. cm d2, sq. cm dl, sq. cm d2, sq, cm. dB 
1 154.8 154.8 147.1 157.7 124 1.84 
2 154.8 154.8 205.2 130.3 120 2.00 
3 154.8 154.8 127.1 174.2 27 1.89 
4 154.8 154.8 112.3 194.2 23 2.01 
5 154.8 154.8 205.8 205.2 11 2.11 
Average 154.8 154.8 159.4 172.3 57 1.89 
Because the annealing process is random, several runs are performed in order to ensure that 
the minimum, or a solution close to the minimum, has been found. 
The maximum value for each of these parameters is 206.5 square cm and the minimum 
is 0.0 square cm. Case five obtained the best result, achieving 2.11 dB with 205.8 square cm 
damping patch on the top side of the cube and a 205.2 square cm damping patch on the front 
side of the cube. The total area covered by both of the patches is 1.84 percent of the total 
surface area of the cube and is very near the absolute minimum of 2.12 dB indicated in Figure 
5.9. 
In cases two, four, and five, the program found reductions in radiated sound power 
greater than or equal to the 2.0 dB specified before the process cooled. In cases one and three, 
the final power reductions are less than 2.0 db because the process cooled before simulated 
annealing found damping patch sizes that produced velocities which resulted in reductions in 
sound power radiated by the cube of 2.0 dB or greater. Even though both cases had the same 
cooling rate, case three cooled in much fewer function evaluations than case one. Some 
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general characteristics of the simulated annealing process account for this behavior. First, 
simulated annealing alternately reject a higher power, accept a lower power, or accept a higher 
power without reaching the number of each of these required for thermal equilibrium and 
subsequent cooling. This causes the program to use a lot more function evaluations with the 
same cooling rate, as in case one. Second, the program can randomly choose new powers that 
are too high and are rejected several times in a row so that thermal equilibrium is reached and 
the process cools in a minimum number of function evaluations without finding a lower 
power, as in case three. 
Notice the average values reported at the bottom of Table 5.1. The average reduction 
is determined by calculating the reduction in radiated sound power when the averaged 
damping areas are used. The average values of the five cases tend to be meaningless because 
the radiated sound power corresponding to the average values of damping patch size may not 
be a local minimum at all. In fact, it may be higher than any of the power values from the 
cases comprising the average. Also, the annealing process really is random in that five 
searches started with exactly the same set of initial parameters obtained five different results. 
Consequently the best of the results should be used ore the result with damping areas that are 
most practical to implement. 
5.9.5 Study Five 
In the fifth study, the method of simulated annealing was used to optimize sound 
power radiated by the cube as a function of the area of square constrained layer damping 
patches on three sides of the cube. The other three sides of the cube were given the undamped 
plate velocity. The result is a three-dimensional design space. A total of eight cases were 
explored in this study so that the annealing process could be started near each of the eight 
comers of the design space. A value of W^in 2.75 dB less than the power radiated by the 
undamped box was used. The cooling rate was the same as in study four. The results are 
shown in Table 5.2. The parameters dl, d2, and d3 refer to the size of the three damping 
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Table 5.2: Results of study five. 
START FINISH 
CASE 
dl d2 d3 dl d2 d3 N Reduc-
tion,dB 
1 51.6 51.6 51.6 202.6 75.5 161.9 252 2.64 
2 51.6 51.6 154.8 138.1 116.1 192.9 166 2.81 
3 51.6 154.8 51.6 109.7 127.1 89.7 92 2.64 
4 51.6 154.8 154.8 56.1 119.4 187.1 67 2.44 
5 154.8 51.6 51.6 200.7 53.5 141.9 188 2.78 
6 154.8 51.6 154.8 110.3 71.6 185.8 98 2.64 
7 154.8 154.8 51.6 113.5 134.8 53.5 60 2.71 
8 154.8 154.8 154.8 114.8 169.0 138.7 57 3.11 
Ave. 103.2 103.2 103.2 131.0 108.4 143.9 122 2.68 
patches in square cm. Case eight resulted in the maximum achieved, 3.11 dB. The total area 
covered by the constrained layer damping patches in this case was 1.89 percent of the total 
cube surface area. This best value is assumed to be very close to the absolute minimum 
because several searches were done with a sufficiently slow cooling rate. The exact absolute 
minimum was not calculated due to the excessive number of function evaluations required. 
Another characteristic of the method of simulated annealing was noted as a result of 
this study. Specifically, if a search is taking a long time (requiring a lot of function 
evaluations), as in case one, where 252 evaluations were required, it may be appropriate to 
give up on the search and restart simulated annealing in some other portion of the design 
space. 
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5.9.6 Study Six 
In the sixth study, the method of simulated annealing was used to optimize sound 
power radiated by the cube as a function of the area of square constrained layer damping 
patches on the four, five, and six sides of the cube. The purpose of this study was to 
demonstrate that the simulated annealing algorithm was successful when damping was placed 
on four or more sides of the cube. 
When the damping patch size was allowed to vary on four sides of the cube, a 
maximum reduction of 4.32 dB was achieved in 188 function evaluations. The value of W,nin 
was 4.15 dB less than the power radiated by the undamped cube. For this search, the initial 
size of the four damping patches was 51.6,154.8,51.6, and 154.8 square cm. The final size of 
the four patches was 105.2, 204.5, 150.3, and 155.5 square cm, respectively. The total area 
covered by these four patches was 2.76 percent of the total surface area of the cube. 
For the case where the damping patch size was allowed to vary on five sides of the 
cube, a maximum reduction of 5.45 dB was achieved in 34 function evaluations. The initial 
size of all five patches was 154.8 square cm. The value of Wn,in was designated 5.25 dB less 
than the maximum power radiated by the cube. At convergence, the size of the patches was 
200.6, 153.5, 171.0, 142.6, and 180.0 square cm. These patches covered 3.80 percent of the 
total surface area. 
In the last case, the damping patch size was allowed to vary on all six sides of the 
cube. A maximum reduction of 7.80 dB was located in 38 function evaluations when 
was set 7.5 dB below the level of power radiated by the undamped box. The initial size of all 
six damping patches was 154.8 square cm for this search. The final size of the six damping 
patches was 158.1,139.4, 133.5, 183.9,135.5, and 155.5 square cm. These square patches of 
constrained layer damping material covered just 4.06 percent of the surface area of the cube. 
This is just 0.26 percent more than the previous case, but radiated sound power was reduced 
by an additional 2.35 dB. 
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5.10 Conclusions 
Several important conclusions were reached. First, it was shown that it is possible to 
achieve large reductions in radiated sound power for a cubic structure while modifying only a 
small percentage of the total surface area of the structure. For example, reductions of over 7 
dB were found for structural modifications to areas as small as 0.58% of the total structure 
surface area when the constraint boundary was at 0.93%. Not only do these possible 
reductions exist, an effective method of determining the optimal sizes of stmctural 
modifications to attain the reductions was developed in this work. 
The gradient optimization methods were effective when only one structural parameter 
was being varied, and did find significant reductions when two structural parameters were 
varied. However, neither method found the maximum reduction when two structural 
parameters were varied. 
The method of simulated annealing was much more effective for optimizing the sound 
power radiated by the cubic structure as a function of the area covered by multiple damping 
patches placed on the surface of a structure when the proper set of initial parameters was 
chosen. Specifically, any minimum can be found if the cooling rate of the process is slow 
enough to allow the algorithm to fully explore the design space before cooling is complete. 
Simulated annealing does not guarantee that the exact absolute minimum will be found every 
time. Therefore, the benefits of a result very close to the absolute minimum of a function must 
be carefully weighed against the cost of the number of function evaluations required to obtain 
that result. The number of function evaluations required to obtain a desired amount of 
reduction in the radiated sound power can often be reduced by starting the program in some 
other area of the design space if the algorithm is taking a long time to converge. 
Given some limit, the greatest possible structural modification is not always the most 
effective at reducing the radiated sound power. In one instance, the maximum reduction in 
sound power occurred while less than half of the possible surface was covered by a 
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constrained layer damping patch. In another, the size of a damping patch which achieved 
maximum reduction was only about three fifths of the total possible. Increasing the size of this 
patch further resulted in significantly lower reductions compared to the optimal solution. 
The structural optimization methods described in this paper achieved significant 
power reductions for velocity as a function of the size of a constrained layer damping patch 
that was approximated from experimentally measured values. The methods used in this paper 
can also be used for the case where the analytical expressions of normal structural velocity as 
a function of structural parameters are known. 
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6. CONCLUSIONS AND RECOMMENDATIONS 
6.1 Problem Statement Revisited 
PROBLEM STATEMENT: 
The largest possible reduction in sound radiated by a structure is to be achieved with 
the smallest possible application of vibration reducing materials. For this dissertation the 
problem was divided into the following five step process: 
1. Show that small applications of vibration damping materials can achieve significant 
reductions in the sound radiation. 
2. Determine the most effective placement of vibration damping material on the 
structure. 
3. Quantify the structural vibration in terms of the size, shape, thickness and properties 
of the damping material added to the structure. 
4. Quantify the sound output by the structure in terms of the vibration of the structure. 
5. Minimize the sound radiated by the structure with respect to the size, shape, 
thickness and properties of the material added to the structure. 
6.2 General Conclusions 
The method for calculating the sound power radiated by completely enclosed three 
dimensional vibrating structures as a function of the surface normal velocity was presented. 
No contributions were made to the method itself. However, more accurate BEM codes were 
substituted for those discussed in the literature which presented the method. The new code 
allowed accurate calculations to be performed at all wavenumbers, even those where the 
acoustic wavelength was longer than the characteristic dimension of the structure. The new 
code was then modified to calculate the radiated sound power and proved very accurate for 
vibrating spherical structures where the radiated sound power could be calculated analytically. 
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A general method for deciding how many elements are necessary to discretize a structure in 
order to accurately calculate the radiated sound power for a three dimensional structure with 
any shape and vibrating with the velocity pattern of a mode shape of the structure was 
presented. The result was to choose as many elements as possible for the computer system 
being used and determine the mode shape with the highest frequency for which the radiated 
sound power could be accurately calculated using that discretization. 
Work was done to show that changes in the normal surface velocity affecting small 
areas of a structure can significantly reduce the sound power radiated by the structure. Further, 
it was shown that if the amount of area over which velocity can be changed is limited, 
modifying velocity over all of this area does not always result in the lowest radiated sound 
power. Reductions in radiated sound power of up to 4.77 dB were achieved while modifying 
the velocity over only 2.77 percent of the total surface area of the structure. In this case, 5.56 
percent of the total surface area of the structure was allowed to vary. This work was done to 
address point one of the five point problem statement. It has been thoroughly demonstrated 
that small changes in a structure can significantly alter the vibration of the structure and the 
resulting radiated sound power. This step of the five part process can be eliminated by future 
researchers, since its only bearing on the solution process is to demonstrate that there is hope 
of a meaningful solution to the problem. 
It was shown that plots of the magnitude of the reactive shearing structural intensity 
for structures consisting of a set of plates could be used to place patches of constrained layer 
damping material in order to effectively reduce the sound power radiated by the structures. 
The structurally radiated sound power was decreased the most by patches whose size and 
shape was chosen so that the patches covered areas where reactive shearing structural 
intensity magnitude was large on the undamped plate. It was worth noting that the areas of 
high reactive shearing structural intensity amplitude on the undamped plate did not always 
correspond to areas where vibration amplitude was high. In one study, the total area covered 
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by damping was reduced by 56.9 percent while reducing the sound power radiated by the 
structure an additional 1.23 dB. The size, shape and number of patches was modified so that 
only areas where reactive structural shearing intensity magnitude was large on the undamped 
plate were covered. 
In general, using the reactive shearing structural intensity technique was very effective 
in choosing where to place constrained layer damping material and is a suitable solution to 
point two of the original problem statement. However, the method was only used on velocity 
patterns of structures whose calculated reactive intensity had a fairly simple pattern. It is not 
known how well the method would work if structures with more complex structural intensity 
patterns were analyzed. Also, using the reactive shearing structural intensity to place 
constrained layer damping patches is presently limited to structures constructed out of thin 
plates or cylinders with thin walls. The technique is still practical because many everyday 
machines are composed primarily of these same structures. 
The functional dependence of a the normal surface velocity of a structure on the size 
of a constrained layer damping patch was approximated using experimentally measured 
velocity data for an undamped plate and plates with several sizes of damping patches. This 
functional dependence was combined with the analytical function for the radiated sound 
power as a function of the normal surface velocity that was approximated by the boundary 
element method. The result was an approximate expression for the radiated sound power as a 
function of the size of a constrained layer damping patch for a structure. 
This function was minimized by a gradient optimization method when the measured 
velocity of the plate was placed on one side of a cube. The gradient method was improved so 
that it would avoid converging at a local minimum and then used to minimize the function 
when the measured velocity was placed on two sides of a cube. When these to gradient 
methods proved insufficient for minimizing the function when the plate velocity was placed 
on more than two sides of the cube, the method of simulated annealing was implemented. The 
117 
method of sunulated annealing was thoroughly explained and tested for many cases and was 
very successful in finding damping patch sizes which resulted in minimizing the radiated 
sound power of a cubic structure as a function of multiple structural parameters. The success 
of the method was found to depend on careful selection of initial parameters required by the 
simulated annealing algorithm. A thorough description of the selection of these parameters is 
given in Chapter 5. 
In the end, it was shown that simulated annealing was an extremely effective method 
for minimizing the sound power radiated by a structure as a function of multiple structural 
parameters; and was a suitable solution to point five in the problem statement. Although part 
five of the problem was only solved for a cubic structure, no specific approximations or 
changes to the method were made to do so. A cube was used because it was easy to discretize 
without the aid of a preprocessor. Velocity pattems of a plate were placed on the sides of a 
cube to save on experimental measurement time and so that damping patches could be placed 
using structural intensity. More complex structures could have been discretized and measured 
without changing the optimization method, but would have vastly increased the amount of 
experimental measurement and preprocessing time needed. The resulting optimization 
method is independent of the geometric shape and velocity pattern of the structure studied as 
long as its surface is accurately discretized for the boundary element method. Some 
considerations for implementing the method are discussed in the recommendations for further 
work. 
6.3 Recommendations for Further Work 
Further work will be needed to express the surface velocity of a structure as a function 
of the geometry and other parameters of vibration damping patches. This is an extremely 
difficult part of the five step problem statement given in the first chapter, and its solution is 
probably in the distant future. When it is accomplished, the optimization method employed in 
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this research will already be in place. 
Choosing where to place the constrained layer damping patches on a structure was 
handled in a specific way in this dissertation. However, if a method is developed to express 
vibration as a function of the geometry of vibration damping material added to a structure, the 
location of the material will undoubtedly be included in the function. Therefore, the position 
of the damping patch can in the future be a variable that is optimized along other variables and 
structural intensity will not be needed. Hopefully, such an expression would eliminate the 
need to measure the structure more than once or even eliminate measurements entirely. 
Until this expression is defined, an improved computer driven scanner which 
automatically manipulates the measurement head of the laser needs to be developed. This 
scanner should be able to automatically place the laser in any three dimensional position and 
orientation surrounding a structure to effectively measure its normal surface velocity. 
Other optimization methods should be tested on this problem. Although simulated 
annealing was quite successful in finding minima for the problem studied in this research, 
other methods might be able to accomplish this success with fewer function evaluations or 
rely less on user selected initial inputs. Genetic algorithms, Nelder-Meade, or other 
combinatorial optimization may be more efficient. Also, the computer code written to 
implement the specific simulated annealing algorithm used in this research was very general. 
Some work can still be done to make the algorithm more efficient. 
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